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1. INTRODUCTION
1.1. Preamble

In many practical engineering electromagnetic problems, exact
analytical solutions do not exist. Fortunately, the capabilities of
modern computers make it possible for engineers to seek altermnatives.
Among the most preferred of these alternatives are the methods of
Rayleigh-Ritz, finite difference, finite elements, and the method of
moments. These techniques as mathematical disciplines are discussed
in various textbooks such as [28,31,35,53].

The method of moments, Rayleigh-Ritz, and finite element techniques
are based on the statiomary property of a variational integral [28,35,53].
(These techniques reduce the problem of finding a minimizing (or maxi-
mizing) function for the variational integral to a set of simultaneous
linear algebraic equatioms.) It is true that finite element techniques
can be applied directly to the method of weighted residuals [31] rather
than a.stationary varitional functional. However, a quick review of

IEEE Transactions on Microwave Theory and Techniques over the past

three decades seems to indicate a dominant role of variational functionals
over the concept of weighted residuals as a fundamental tool on which

the fiﬁite element and the Rayleigh-Ritz methods are based. Furthermore,
this observation seems to be supported by the frequent appearance in
recent years of publications in the same journal dealing with the

variational formulation of Maxwell's equatioms.



The ahove discussion points to the fact that the variational

principle plays a crucial role in the numerical analysis of electromag-
;netig problems. These facts together with some curiosity motivated the
author to pursue the basic aspects of variational principle with applica-
tion to electromagnetics in mind. Indeed, the main content of this
thesis will be devoted to the topic of formulating Maxwell's equatioms

as two functionals, called complementary variational ‘integrals.

The complementary variational principles, as they are usually
referred, are general methods of formulating a given boundary value
problem as two variational integrals. The theory is based on some
abstract concepts in linear vector space. As such, it was felt necessary
to devote a good portion of the thesis to clarifying the fundamental
concepts and theorems. In the following, a brief explanation of each
chapter is attempted.

The two sections immediately following the present section discuss
the application of variational methods in electromagnetics. Section 1.2
reviews some literature beginning with 1969. It was felt that Wexler's
article [52] in that year marked the end of scalar variational formulation.
Shortly after, a more powerful vector variational formulation started
to get attention. The presently popular finite element technique is
capable of reducing the latter formulation into a discrete algebraic
problem.

Section 1.3 gives brief overview of complementary variational
‘principles as applied to electromagnetics. The last section defines

the problem pursued in this thesis.



The discussion of variational principles begins with Chapter 2.
Although not essential for our purpose, some basic aspects of the
classical theory are illustrated in this chapter. It is hoped that
familiarity with conventional variational theory will shed some light
on the complementary variational principles discussed in the succeeding
chapters.

Most of Chapter 3 is devoted to the preliminary basic concepts
necessary for the development of complementary variational theory.
Operators and scalar products are discussed as part of the structure
of Hilbert space. Complementary extremum principles in their most
general form are presented as Theorem 3.5.1 at the conclusion of the
chapter.

Chapter & covers the general topics of formulating a given boundary
value problem as two complementary variational integrals. Section 4.7
points out some important aspects of the theory that could be overlooked
by the reader.

In Chapter 5 difficulties are pointed out when one tries to apply
complementary extremum principles directly to Maxwell's
equations. It is clear from discussions in this chapter that theve
is a need for modification if the theory is going to be useful in
electromagnetics.

Chapter 6 is devoted to the power series approach to electromag-

netism. The importance of this approach to the engineering electromag-

netics is stressed.



Finally, in Chapter 7 it is shown that the complementary extremum
principles can be applied to the kth-order field laws in the power
series. The following chapter illustrates the theory through a simple

example of parallel plate capacitor anmalysis.

1.2. Conventional Variational Principles in Electromagnetics

The word "conventional” or "classical" as opposed to "complementary"
will be used throughout the thesis. It refers to the variational theory
that yields only the one-sided bound to the stationary value of the
functional. The complementary variational theory is capable of yielding
upper and lower bounds. With this point clarified, we are ready to
begin the discourse into the main content of this section.

As pointed out by A. D. Berk, the often quoted paper [19] seems
to be the first vector variational technique in engineering electro-
magnetics. He formulates variational expressions in terms of vector
fields E and H. His formulation enabled engineers to apply variational
techniques to inhomogeneous as well as anisotropic regioms [29]. However,
as evident from the following paragraph, Berk's point of view did not
become popular until 1971 when W. J. English [23] published a paper
on vector variational formulation of inhomogeneously loaded waveguide
structures.

In 1969, Wexler [52] discussed popular numerical techniques in
engineering electromagnetics. According to the author, the standard

procedure was to formulate the given boundary value problem as a scalar



variational functional. (The term "scalar" is used here because the
variational functional is minimized with respect to a scalar function
rather than a vector field. A functional is a function of a function
assigning unique numerical value to each given function. The discussion
of the general topic of reformulating boundary value problems as vari-
ational functiomals can be found in various textbooks such as [13,32,35].)
A trial function is then inserted into the functional. By following the
standard Ritz procedure, the functional is minimized with respect to co-
efficient parameters in the trial function. This reduces the boundary
value problem to a set of linear algebraic equations, the solutions of
which determine the coefficient parameters in the trial function. The
trial function, with its coefficient parameters determined, constitute
the approximate solution to the original boundary value problem. Examples
of applications of this technique in electromagnetics abound in literature
[44,45,48].

Unfortunately, as pointed out by English and Young [24], Wexler
[52], and Konrad [30], the scalar variational formulation has a serious
limitation. It is useful only when the geometries are such that fields
can be derived from a single scalar potential. This prompted Wexler
[52] to emphasize the need for a vector variational formulation in which
a functional should be minimized with respect to electric and/or magnetic
fields. The first successful application of a numerical tecnhnique
using all six components of E and H fields to a vector variational
formulation of Maxwell's equations appeared in English's paper [23]

in 1971. In his paper, the author formulated a cylindrical waveguide



problem as a vector variational integral in terms of vectors of E and
H fields. He then uses six trial functions, one for each component
of E and H, and determines the coefficients in the trial functions

by minimizing the functional by Ritz procedure. His results on field
distributions, propagation constants, and cutoff frequencies agree
very well with the exact values.

The above six-component vector variational formulation was succeeded
by three-component vector variational formulatioms [6,21,24,30]. The
latter formulation is desirable mainly because of its reduced matrix
size as compared to the six-component formulation [24]. 1In his 1976
paper [30], Konrad points out the advantage of his three-component
formulation. Unlike previous three-component formulations, Konrad's
vector variational integral can be applied to anisotropic media and
does not require the trial fields to satisfy boundary conditionms.

There are other investigators whose main interests seem to lie
in Hamilton's principle. 1In classical dynamics, Hamilton's principle

is well established and can be stated as follows [34]:

Hamilton's Principle: Of all the possible paths along

which a dynamical system may move from one point to another
within a specified time interval, the actual path followed
is that which minimizes the time integral of the difference

between the kinmetic and potential energies.



Of course, this theory cannot give results different than those obtained
using Newton's law. Hamilton's principle is just another statement
of Newtonian dynamics which happens to be more advantageous than Newton's
formulation in certain problems.
Hamilton's principle changes the Newton's law to a variational
problem of finding coordinate functions that minimizes the functional
t2

S (T-U)dt (1.2.1)
1

where T,U are the kinetic and potential energies respectively. Although
not very well-established, such a principle is valid in electromag-
netics [21]. The papers [20], [21], [36],[37] discuss Hamilton's
principle in electromagnetics in various contexts. They derive vector
variational integrals from Hamilton's principle and show their advantages

and usefulness in engineering electromagnetics.
1.3. Complementary Variational Principles in Electromagnetics

In 1964, Rall [42] published a paper in which he formulates a
simple boundary value problem as two variational integrals. These two
integrals (or functionals) are commonly referred to as the complementary
variational formulation of a given boundary value problem. Since Rall's
first paper, the theory has been extended to cover many boundary value

problems in mathematical physics [16,18,41,43].



In electromagnetics, the first application of the theory appeared in
1969 [17]. The authors formulate static Maxwell's equations as comple-
mentary variational integrals. They also suggested how the integrals can
be used to estimate capacitance of a given structure. Since this first
publication, there have been numerous papers [3-5,7-9,11] demonstrating
the usefulness of this relatively new variational theory in dealing
with some limited classes of electromagnetic problems.

In recent years, N. Anderson and A. M. Arthurs have published
three papers [2,6,10] in succession. Their point of view is closely
related to Hamilton's principle. They regard two curl equations of
electromagnetic fields as canonical equations in Hamilton's formulation.
By working backwards, they derive a variational integral in terms of
electric and magnetic fields. Furthermore, they derive two functionals,
in terms of E‘or H alone, from the original functional. They call their
theory complementary variational principles because the two functionals
are derived from the original one in a complementary fashion. However,
it must be stressed that their complementary integrals do not give
complementary bounds as implied in [6]. In other words, complementary
"stationary" principles are valid but the complementary "extremum"

principles fail.
1.4, Statement of Problem

In the previous section, we cited the first paper in which authors

formulated the basic Maxwell's equations of static fields as two comple-



mentary variational integrals. Unlike their recent papers mentioned
above, the authors prove that the two integrals approach the stationary
value from opposite directions. In other words, the complementary
"extremum" principle is valid in their static formulation.

It is true that the complementary variational formulation of static
Maxwell's equations, mentioned above, can be useful in certain time-
harmonic problems such as [3]. However, it must be mentioned that
in order for the theory to apply, additional terms in the time-harmonic
equation arising from the time variation must be neglected. Therefore,
the two complementary variational integrals are good only to the static
approximation. But, as it often happens in engineering electromagnetic
problems, such seemingly crude approximations can be very useful.

We are now ready to state the problem studied in this thesis.

Problem Definition: To investigate the usefulness of the

complementary extremum principles in time-varying electromagnetic
field problems. Specifically, we seek a mathematical device or
a technique through which Maxwell's equations can be formulated
as two complementary variational integrals. These integrals must
account for time variation and approach the stationary value from

both above and below.

Chapter 7 discusses one way by which sinusoidally~varying fields can
be formulated as two variational integrals that satisfy the requirements

in Problem Definition.
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2. CLASSICAL VARIATIONAL PRINCIPLES
2.1. 1Introduction

In this chapter, some basic concepts of variational theory are
illustrated through discussion of the simplest problem. We assume the
"admissible functions'" to be at least twice differentiable. TFollowing
the usual procedure, we substitute the trial function into the integrand.
This reduces the variational problem into maximum-minimum problem of
ordinary functions. After applying the stationary condition for ordinary
functions that is, the first derivative must vanish, the necessary
condition of Euler and Lagrange is derived.

The bésic concepts introduced here carry directly into the comple-
mentary variational theory. In complementary variational theory, a given
boundary value problem is formulated as two different variatiomal
integrals. However, one needs to follow the conventional analysis
techniques shown in this chapter in order to arrive at the stationary

equations of these two integrals.
2.2. The Fundamental Problem

Traditionally, the calculus of variation begins with discussion of
the simplest type of problem. It deals with the problem of finding a
function or functions that extremize (maximize or minimize) the integral

of the form
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X1
1(8(x)) = S L{x,0(x),d'(x))dx (2.2.1)

0

The integral I is a function of a function ¢(x). Two end points of &(x)
are assumed to be fixed: ®&(xg) = o« and ¢(x3) = B. The symbol ¢'(x)
stands for the derivative of ¢(x), and the function L(x,8(x),3'(x)) of
the three variables is assumed to possess continuous derivatives up
to some order, n, required by the theory. If the integral of Eq. 2.2.1
has a maximum value for some given function &(x), it can be changed to a
minimum problem by considering the negative of the integral [13].
Therefore, it is sufficient to develop the theory for a minimizing
problem only [13].

The theory depends largely on the type of functions, called "ad-

missible functions,"

that are allowed to compete for minimization [40].
The most restricted class of functions for this fundamental problem
requires the function to be at least twice continuously differentiable.
On the other hand, a function can be picked from a much larger class
where the only requirement is that the function be piecewise continous.

The theory developed in Section 2.4 is based on the restriction that

the admissible functions be at least twice continuously differentiable.
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2.3. Types of Minima of Integrals

Let us denote the space of twice continuously differentiable
functions of single variable by the symbol . Before defining minima
of integrals, it is necessary to introduce the concepts of "distance"
and "neighborhood" in space Q. The following discussion closely parallels
that of Leitman [32].

Consider two functioms, ®(x):[xg,x1]>R! and &(x):[xq,x1]>Rl, taking
a closed set [xo,xl] into a real line Rl, which are members of 2. The
distance of order zero between ®(x) and $(x) is

dole (x),3(x)] & L.0.B.18(x)F(x)! (2.3.1)

x€[x0,xl]-

where L.U.B. stands for the least upper bound. Two vertical bars are
used to denote "absolute value of" and the symbol € signifies that x is
a member of the closed set [xg,x3]. The distance of order one between
¢(x) and 9(x) is.

406 Gx) 3] & LB I8(x)-T (x)] (2.3.2)
Thus, the functions ¢#(x) and 9(x) are "near" each other in the sense
of zero order distance if their values are close to each other at every
x<[xg,x1]. They are 'near" each other in the sense of first order
distance if, in addition, their slopes are close to each other at every
x €1lxg,x1].

Now, we are ready to define neighborhoods. Given two functions
6 (x),3(x)Q and a positive real number &?Rl, a §-neighborhood of order

zero of &(x) is
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Nol6,8(x)1 & (F(x):[xg,x11+RL1dg 8 (x),3¢x) 1<8} (2.3.3)
while a §-neighborhood of order one of &(x) is

N [600x) 18037x) £ [xg,x1 1R | dy [8(x),3(x) 1<6} (2.3.4)
In both Eqs. 2.3.3 and 2.3.4, the brackets {} read "a set of all" and
the vertical bar denotes "such that."

We are now able to define minima of integrals in terms of neighbor-
hood of a function. The arbitrary function ¢(x)€Q furnishes a strong
local minimum of the integral of Eq. 2.2.1 if and only if there exists
§>0, such that

I(¢(x)) < 1(2(x)) vo(X) €QNNgls,0(x)] (2.3.5)
The symbol V denotes '"for all," while N signifies the intersection
of two sets. In a similar fashion, the arbitrary function ¢(x)Y€.Q
furnishes a weak local minimum of the integral (Eq. 2.2.1) if and only
if there exists §>0 such that

T(o(x))<T((x)) Vo (x)E€ Q2 NN [S,6(x)] (2.3.6)

The difference between Eqs. 2.3.5 and 2.3.6 lies in the nature of the
neighborhood of ¢(x). In addition to the two types of local minima
introduced above, we define global minimum in the following way: the
function ¢(x) furnishes the global minimum of the integral (Eq. 2.2.1)
if and only if
I(¢(x))<I(a(x)) va(x)€Q (2.3.7)

When the integral of Eq. 2.2.1 is maximum instead of minimum, we

can speak of maxima defined in‘an analogous fashion with inequalities

reversed. However, as pointed out earlier, it suffices to talk about
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minimum only, since a function ¢(x) that minimizes I(®(x)) of Eq. 2.2.1
also maximizes I(®(x)).

In the definitions of global, strong local, and weak local minima,
the function ¢(x) is compared to members of successively smaller sets
of functions. Thus, we conclude that a glo;;1 minimum -+ a strong local
minimum -+ a weak local minimum [32]. In other words, a weak local
minimum is necessary for a strong local minimum. In turn, a condition

that is necessary for a strong local minimum is necessary for a global

minimum.

2.4. Euler-Lagrange Theory

Consider a function n(x)CQwith n(xg)=0 and n(x3)=0. It is then

possible to represent an arbitrary function ¢(x)CQ in the form
o(x) = ¢(x) + en(x) (2.4.1)

where ¢(x) is some fixed function, ¢ is a constant, and n(x) is adjusted
to satisfy Eq. 2.4.1 [51]. Geometrically, it represents a curve as
drawn in Fig. 2.4.1, where ¢(x) assumes o and 8 at xg and xi,
respectively.

We can consider Eq. 2.4.1 to be a function of a parameter ¢ for

a given x. This leads to

limo(x,e) = lim[p(xMHHen(x)] =6 (x) (2.4.2)
€—>0 g+0
1im 3%(xe)/yx = limfo'(x)+en'(x)] = ¢'(x) (2.4.3)

>0 >0
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(%)

Figure 2.4.1. An arbitrary function @(x)
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showing that function ¢(x) belongs to the §-neighborhood of order 1
for ¢(x) for sufficiently small ¢ [40].

Now, we can proceed with the following. The integral (Eq. 2.2.1),
which is a function of a function &(x), can be changed to a function
I1(c) of a single variable €. This is dome by substituting the particular
representation of ¢(x) (Eq. 2.4.1) into the integrand and performing
the integration. Also, if the integral yields the minimum when
&(x) = $(x0, then I(e) assumes minimum for ¢=0. Therefore, unlike
maximum-minimum problems in ordinary functions, the stationary point,
¢=0, is known in advance [51].

Mathematically, the above reasoning translates essentially into
the following equations

X1 '
I(e) = I(p(x)+en(x)) = Lix ,o(x)+en(x),¢' (x)+en' (x))dx

XQ (2.4.4)

X1

= 9
e R TIeS

%0

Lix,¢ (x)+en(x),0 ' (x)4en'(x)) +

n'(x) O L(x,b(x)+en(x),¢(x)+en' (x))]dx (2.4.5)
39" (x)

Now, suppose I(3(x)) yields minimum at ¢(x). It then follows that

*1
di(e) oL . - 9L
asbunibhuit. A = n — + ——
de TIMRAETS
=0

dx = 0 (2.4.6)
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where the new arguments in the integrand are suppressed. Note that
functions 9L/3¢ and 9L/9¢' are now evaluated at x, ¢(x), and ¢'(x).

Integrating by parts the second term in Eq. 2.4.6 we obtain

) 11
ey = L L (L
o *o
1
- L _d (3L} =
=\ i dx<3¢.) Jdx =0 (2.4.7)
*0
because n(x+)=n{x1)=0. Now we invoke the so called "fundamental

theorem of calculus of variations" [25,51] to conclude:

%g_x(a(%): 0 (2.4.8)

This is the necessary condition normally referred to as the Euler-Lagrange
equation. It yields a second order differential equation that can be
solved for ¢(x) under the boundary conditions ¢(xg)= ¢ and ¢(x7)=B.

It is worth pointing out that Eq. 2.4.8 undef given boundary
conditions may possess multiple solutions [32]. The solution or
solutions are usually referred to as "extremal." When the integral
1(?(x)) is shown to have minimum at ¢$(x), the only conclusion we can
draw from 2.4.8 is that the minimizing function must be one of the

extremals.
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3. AN EXTENSION OF CLASSICAL VARIATIONAL PRINCIPLES

3.1. Introduction

There are various ways the previous Euler-Lagrange theory can
be extended [14,40,51]. In this chapter, we limit our attention to
one type of extension [14].

The classical variational theory approaches the stationary value
from one side--either above or below. However, there are certain types
of variational integrals for which a complementary integral exists.
The word "complementary" is used here naturally because the integral
approaches the stationary value from the opposite direction. 1In the
following discussions, we will be concerned with this relatively new
extension. The first unified theory appeared in 1964 and is called
the complementary extremum principles. But before we can present the
general result, Theorem 2.5.1, some relevant basic concepts must be
clarified.

Most of the concepts and symbols in this chapter closely follow

the book by A. M. Arthurs, Complementary Variational Principles [14],

where he gives complete treatment to linear as well as nonlinear problems.
Only some relevant topics suitable for our purpose are presented in
the following sections. While doing so, efforts are made to include

more details than seem in A. M. Arthurs' book.
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3.2. A Class of Operators in a Vector Space of Functions

Let Q(¢) and Q(u) denote two vector spaces of functions ¢ and u,
respectively. We assume both spaces are complete, linear and real
vector spaces. Furthermore, let each space possess a scalar product
denoted by [,] for Q(¢) and (,) for Q(u) with the following properties.

a) [¢,a01+B¢3] = alo,01]+Bl4,92], where o and B

are arbitrary real constants

b) 1,621 = [42,01]

c) [¢,6] > 0 with [¢,4] = 0 if and only if ¢ = 0
The same properties hold for a scalar product (,) in Q(u) space. In
mathematical formalism, the vector spaces under comsideration are called
Hilbert spaces. We designate the two Hilbert spaces by H(¢) ={Q(¢),[,]}
and H(u) = {Q(u),(,)}.

An operator T is a transformation from one Hilbert space to another
or to itself. An operator T is linear when it satisfies

T(o¢+By) = aTp + BTY _ (3.2.1)
One important property of a linear operator that we need in develop-
ment of a complementary variational theory is that it possesses a
conjugate operator. Given a linear operator T:H(4)>H(u), there is
a second operator T*:H(u)-H($) such that

(u,T¢) = [T*u,¢] + S(u,9) (3.2.2)
for all ¢,u in the domain of T,T*. The adjoint of T is the operator T¥
which takes an arbitrary function in R(u) into a different space 2(¢).

The last term S{u,$) is called a conjunct of u and ¢ [27].
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The complementary variational principle is based on a certain class
of operators. A. M. Arthurs' [14] shows five different kinds of operators
belonging to that class. For the sake of illustration, three of them

are discussed below. TFirst operators are based on integration by parts.

Sbu<x)£¢(x>dx - Sb<-£n<x))¢(x)dx + Ta(x)eGo 1P (3.2.3)
If we defin: two scalar prodzcts as

(v = §7 uGovioax (3.2.4)

[6,0] = S: 8 ()W (x)dx (3.2.5)

Eq. 3.2.3 becomes an example of Eq. 3.2.2. Comparing the two equatioms,
we can identify
T=oand = - 2 (3.2.6)
and S(u,¢) as the boundary term in Eq. 3.2.3. Note the symbolic use
of the equality sign in Eq. 3.2.6.
Second operators come from the equation
V-(up) = u-V¢ + (V-udo (3.2.7)
Rearranging Eq. 3.2.7 and integrating both sides of equality,
we obtain
SVE-%dv =§V(-V-K)¢dv + SBVE-EMB (3.2.8)
in which integrations are performed over volume V and its boundary 9V.
By defining two scalar products as
(u,v) = §5-vay (3.2.9)
o501 = fovav (3.2.10)
and comparing Eq. 3.2.8 with Eq.3.2.2, it follows that

T = grad and T* = -div (3.2.11)

with the boundary term in Eq. 3.2.8 corresponding to S(u,).
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The last example of operators T, T* follows from
Veux¢ = ¢:Vxu - u-vé (3.2.12)
which yields
—_—_— - - ST f - ==
Su Vx¢dV SVqu odV +)3Vu nx¢dB (3.2.13)
The vector n in the last term of Eq. 3.2.13 is an outward normal vector

to the boundary 3dV. In this example, we take as scalar products

(u,v) = SVE-Vdv (3.2.14)

(9501 = Sﬁﬁdv (3.2.15)
Again, by comparison of Eq. 3.2.13 and Eq. 3.2.2, we idenfify

T = curl and T* = curl (3.2.16)
Like the two preceding examples, the boundary term in Eq; 3.2.13 becomes
S(u,¢) in Eq. 3.2.2.

In the first example, Q(u) and Q(¢) are both vector space of functions
of one variable. In the third example, they are vector space of vector
fields u and ¢. The second example is slightly different in that one is
a space of vector field while the other is a space of scaler functions
of three variables.

All three examples have a common property in their boundary terms
S(u,¢). In view of later developments, it is convenient to express
this common property by the equation

(u,T¢) = [T*u,6] + (u,09)3V (3.2.17)
where ¢ is a linear operator o:H($)>H(u) on the boundary with its
conjugate O¥:H(u)+H(¢) satisfying the equation

(u,09)3V = [oFu,6]3V (3.2.18)
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By properly defining ¢ and o¢*, all three examples can be written as

Eq. 3.2.17. For the first example, we define

(u,v)3V = ula)v(a) + ulb)v(b)

[¢,0]ov

i

¢ (a)¥v(a) + 9(b)V(b) (3.2.19)

6 =n*i, o =101

where i is the unit vector in the positive x direction and n=i at x=b,

-i at x=a. Similar definitions for the second example are

(u,v)aVv = SSVE:;aB

[6,013v Sav $VdB (3.2.20)

o0 = b, oku = n-u

and, for the third example,

av:’—';dB

[¢,0]0¥ =S8V$-$d3 | (3.2.21)

(u,v)dv = S

o = nxd, o*u = -nxu

where in both cases n is the unit vector normal to the surface 3V.
3.3. Derivatives of Functiomals

Various isolated instances of complementary variatiomal
principles can be unified under one cohesive theory by exploiting some
simple ideas of functionals [14]. The most general complementary
variational theory is given in Sectiom 3.5, but we need some preliminary
results and definitioms.

Let H(4)={R(¢),[,]} be a Hilbert space of functions ¢. A

functional E(¢) is a function of a function ¢ written as
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E(¢):D(E) CH(p) »R (3.3.1)
The domain D(E) of E(¢) is contained in the space H(¢). For each arbitrary
function ¢eD(E), the functiomal E(¢) assiéns one real number. If the
functional can be written in the form

E(¢+eE) = E(0) + [eE,E'(¢)] + }[eE,E"(d)eE] + o3 (3.3.2)
where 03/ez+0 as €0, then we say the functional is twice differentiable.
The second and third terms are scalar products that contain the derivative
E'(¢) and the second derivative E"(¢), respectively.

A similar definition is useful for a functional of two functions ¢
and u. We take two scalar product spaces H(u)={@(u),(,)} and H(¢)=
{2(4),(,]} and consider the functional

K(u,$) :D(K) CH(u)xH($)-R (3.3.3)
The derivatives are defined by the equation
K(utev,0+€£) = R(u,9) + (ev,Ky) + [e&,Kg] + *s(ev,Kyyev)
+ 35(ev,Kyge £) + 351K, €v,el] + 3[ef R, €8] + oy
(3.3.4)
K, and K¢ are partial derivatives with respect to u and ¢ in that order.
The rest of the terms contain second partials. Of course, it is assumed
that a given functional can be written in the form as Eq. 3.3.4 and
the third order term becomes 03/e*+0 as e~0.

In Eqs. 3.3.2 and 3.3.4, the terms in which € appears only once are
called first variations, while the second order terms in € are called
second variations. Using these and the above ideas, the stationary

property of functional can be stated as follows.
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Theorem 3.3.1. A functional E(®) is stationary at ®=¢ if and

only if E'(¢)=0.

Theorem 3.3.2. A functional K(U,?) is stationary at U=u and

®=¢ if and only if Ky=0 and Ky=0.

An intuitive argumentvfor the above theorems can be found in
Reference 14. Going back to Chapter 2, we see that the Euler-Lagrange
equation is a necessary consequence of Theorem 3.3.1. By expressing
the integrand in Eq. 2.2.1 in Taylor series expansion and comparing
the results with Eq. 3.3.2, the Euler-Lagrange equation can be seen

to be the derivative of the functional I(%(x)).
3.4. Convexity of Functionals

We need to clarify one more concept before discussing complementary
variaticnal theory. First, we define a convex set. We say that a
set C in a linear space { is convex if, given ¢ and ¢ in C, all elements
of the form A¢+(1-A)y with 0KA<1 are in C. Next, we define convexity.

Definition 3.4.1. A functional F(¢):¢ €C+R defined on a convex

subset C of Q(¢) is said to be convex if

F(xg+(1-2)y) < AF(¢) + (1-)F() (3.4.1)
for all ¢,y in C and all A such that 0<A<Kl. If strict inequality
holds in Eq. 3.4.1 for ¢#¢, F(¢) is said to be strictly comvex.
Also, F(¢) is (strictly) concave if -F(¢) is (strictly) convex.

Figure 3.4.1 illustrates intuitive ideas of convexity.
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When the functional is differentiable, there is an equivalent
statement that is more convenient for our purpose.
Lemma 3.4.1. If a functional F(¢) is differentiable in C, then
F(¢) is convex in C if and only if
F(¢1)-F(¢2)-[o1-02,F' ()] > 0 (3.4.2)
for all ¢; and ¢2 in C.
The proof is omitted, but a general outline is sketched in
Reference 14.
For a differentiable functional, the Lemma 3.4.1 also implies
F(¢9)-F(¢1)-[09-¢1,F'(s1)] > 0 (3.4.3)
By adding Eq. 3.4.2 to Eq. 3.4.3, we obtain
[o1-02,F'(¢1) - F'($2)]1 > 0 (3.4.4)
If the derivative F'(¢) is also differentiable, Eq. 3.4.4 can be written
as
61 =02, F"(@)(e1-99)]1 > 0 (3.4.5)
which implies
F'¢) > 0 (3.4.6)
where $¥¢1+n(¢1-¢2), 0<n<1l. By reversing the process, it is not
difficult to show that Eq. 3.4.6 also implies Eq. 3.4.2 or, equivalently,
Eq. 3.4.3. Therefore, we obtain:
Lemma 3.4.2. A twice differentiable functional in C is convex
if and only if F"(¢)>0.
A similar definition and lemmas for a functional of two functionms

are also useful. We list them below.
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Definition 3.4.2. A functional F(u,¢):2(u)xQ(¢$)»R defined on a

convex subset B of Q(u) is convex in u if
F(huj+(1-2ug,6) < AF(up,9) + (1-1)F(ug,0) (3.4.7)
for all uy, up in B, ¢ in Q(¢), and all X such that O<A<I.
Lemma 3.4.3. If F(u,9):Q (w)xQ(¢)>R is differentiable with respect
to u, then F(u,¢) is comvex with respect to u in B if and only if
F(u1,9) - Fluz,9) - (uj-up,Fulug,¢)) > 0 (3.4.8)
Lemma 3.4.4. A twice differentiable functional is convex with
respect to u in B if and only if Fy,(u,¢) > 0.
The proof of the last lemma follows the similar argument for
Lemma 3.4.2. The same definition and lemma apply to the second variable
¢. We list them below for later reference.

Definition 3.4.3. A functional F(u,¢):2(u)xQ(¢)>R defined on a

convex subset C of Q(¢) is convex in ¢ if
Flu, A 1+(1-1)d9) AAF(u,61) + (1-A)F(u,¢p) (3.4.9)
for all ¢1, ¢2 in C, u in 2(u), and all A such that O<A<1.
Lemma 3.4.5. If F(u,9):2(u)xQ(¢)>R is differentiable with respect
to ¢, then F(u,$) is convex with respect to ¢ in C if and only if
Flu,91) - Flu,09) - [¢1-¢9,Fé(u,99)] > 0 (3.4.10)
Lemma 3.4.6. A twice differentiable functional is convex with
respect to ¢ in C if and only if Fye(u,0) > 0.
If strict inequality holds in Eqs. 3.4.7 or 3.4.9 for ujfuj or
$1#¢o respectively, the functional F(u,¢) is called strictly convex.
Also, F(u,$) is (strictly) concave in u or ¢ if -F(u,4) is (strictly)

convex.
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The final lemma to be presented in this section concerns a special
type of functional called convex-concave saddle functional. A functional
is convex-concave saddle functional if it is convex in u and concave in ¢.
If the functional is concave in u and convex in ¢ instead, we shall
call it concave-convex saddle functiomnal.

Suppose we are considering convex-concave saddle functional.

It is then not difficult to see that we can write Eqs. 3.4.8 and 3.4.10
in slightly different forms:

F(uj,¢3) - Flugay) = (uy-uy,Fuluj,ugd)) >0 (3.4.11)
and

-[Fluj,05) - Flug,éq) - [05-05,F,(ui,05)] 2 0 (3.4.12)
respectively. By adding two together, we obtain the following lemma.

Lemma 3.4.7. If F(u,9):2(u)xR(¢)>R is differentiable, then F(u,$)

is a convex-concave saddle functional on BxC if and only if

Flujeq) = Flujaeg) = (uimugFuluje3)) = [o5-63.Fp(uie9)] 20
(3.4.13)
Notice that the inequality in Eq. 3.4.13 will reverse if we are
considering concave-convex instead of convex-concave saddle functional.
This last lemma is probably the most important result for our purpose

as it is shown in the next section.
3.5. Complementary Variational Principles

Finally, we are in a position to present the theorem that is the

culmination of careful and systematic discussion of previous sectioms.
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This theorem would be the most general form of complementary extremum
principles we will be connected with. Because of its generality, the
usefulness and implications of the theorem are not immediately obvious:
we must wait until the next chapter to appreciate them. For now we

will just present the theorem for the sake of completeness.

Theorem 3.5.1. Let I{u,$) be a differentiable functiomal. Also,
let Q7 and Q9 be the sets of functions 27 = {(u,¢):Iu=0} and
, = {(u,¢):I¢=0}. Then, if I(u,$) is a concave-convex saddle
functional, the complementary extremum principles
I(u,9) < I(uy,97) (3.5.1)
and
I(up,02) < I(u,0) (3.5.2)
hold where (uy,91) and (up,$7) belong to R and fy, respectively,
and (u,9) is the intersection of @] and €. In other words, (u,¢) is
a critical point of I. If I is a convex-concave saddle functional,
instead, the inequalities in Eqs. 3.5.1 and 3.5.2 are reversed.
In the inequalities 3.5.1 and 3.5.2, subscripts 1 and 2 are
added to signify that the functions belong to £ and {5, respectively.
The equalities hold only when ¢; and uj are solutions of the stationary
equations I,;=0 and I¢=0. In Fig. 3.5.1, an attempt is made to represent
the theorem geometrically. It is intended only to be a visual aid in
grasping essential concepts of the theorem.
Proof. Suppose I(y ¢) is a concave-convex saddle functional.
By Lemma 2.4.7, we then have

I(ug,04) - I(Uj,¢j) - (ui‘uj,lu(uj,¢j)) - [¢i'¢j,1¢(ui,¢i)] 20
(3.5.3)



30

1(U,0)

I(U]_ s‘bl)

Figure 3.5.1. Concave-convex saddle functional I(U.9)
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By assumption, Iy(uj,$1) = 0 and I¢(u2,¢2) = 0. Also, stationarity
requires I (u,$) = 0, I (u,9) = 0. If we now let (uj,6;) = (u,¢)
and (uj,¢j)=(u1,¢1) , the inequality (3.5.3) becomes
I(u,$)-ICuy,07) < O (3.5.4)
which proves Eq. 3.5.1. Next, let (uj,$;) = (ug,$2) and
(uj,cbj) = (u,4). The result is
I(ug,69) - I(u,¢) <0 (3.5.5)

proving (3.5.2).
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4. REFORMULATION OF A CLASS OF LINEAR BOUNDARY-VALUE PROBLEMS
4.1, 1Introduction

In a variational problem, we are given an integral to be minimized
or maximized. By changing the integral into a function of a parameter
€, we reduced the problem to a maximum-minimum problem of a function
of single variable e€. This procedure yielded the necessary condition
of Euler and Lagrange.

Often times, however, the problem is posed to us as differential
equations of some kind with given boundary conditions. If one wants
to recast the problem as variational integrals, he or she must solve
the inverse problem. In the inverse problem, one begins with a differ-
ential equation and tries to find an integral whose stationary equations
correspond to the problem at hand. Such a topic is diécussed by various
authors [13,14,35].

The main advantage of the variational formulation lies in the
fact that it is well-suited in obtaining an approximate solution to
the original boundary value problem. The Ritz method, for instance,
yields an approximate solution that converges--at least in theory--to
the exact solution [35]. There is another attractive aspect of this
approach to the boundary value problem. In many problems of physical
science or engineering, the stationary value itself is often an important
physical quantity of great interest [25,35). Therefore, it is important

to point out that this quantity can be estimated quite accurately even
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though the trial function does not even resemble the exact solution [51].
In this chapter, we will be concerned with only a certain class of
problems that can be reformulated as complementary variational integrals.
The symbols and concepts presented in this chapter closely follow those

presented by Arthurs [14].

4,2, The Inverse Problem

Consider a class of boundary value problems

T*T$ + Qp = £ in V (4.2.1)
0¢ = opg on 3V] (4.2.2)
0*T$ + B = o*up on EA) (4.2.3)

Our goal is to find an integral whose stationary equations correspond
to Eq. 4.2.1 to Eq. 4.2.3. The boundary oV of region V consists of
two parts: 8Vy and 3Vy. The operators T, T¥, o, and 0% are assumed
to belong to the special class discussed in the previous chapter.
Symbols Q, f, and B are given functions in V and ¢g, upg are given
functions on the boundaries dVj and dVy, respectively. This type of
problem occurs quite often in nature [14].

Before discussing the variational formulation of Eqs. 4.2.1 to
4.2.3, it is worth pointing out some background. The basic idea under-
lying the complementary variational principles originates from the
Hamiltonian principle in classical Newtonian dynamics [13]. In Hamilton's
principle, Newton's equations of motion become a variational integral

with two variables. The stationary equations, called canonical equations,
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become the governing law for the motion of a particle. The canonical
equations are a set of coupled equations equivalent to the classical
Newtonian description of the motion. This splitting of the original
equation into a coupled set of canonical equations is the very idea

on which the complementary variational theory is based.

4.3. The Canonical Equations and Its Action Integral

The first step in our search for the desired integral--sometimes

called the action integral--is to split Eq. 4.2.1 into coupled equations.

The proper splitting is

T = u inV (4.3.1)
T*u = £-Q¢ (4.3.2)
o = Opg on 3V (4.3.3)
o*u + B) = o%upg on 3Vy (4.3.4)

The new variable u is introduced here and the boundary conditions
are added for later reference.

We now turn our attention to the action integral. It must yield
Eq. 4.3.1 to Eq. 4.3.4 at its stationary point. There are systematic
general methods by which such an integral could be constructed [39].
Discourse to such a procedure, however, is outside our main purpose
and we must be content with the final result. First, we present the

action integral, then show that its stationary equations indeed reduce

to Eqs. 4.3.1 to 4.3.4.
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Consider the following functional
I(ua[b) = (“9T¢)'W(us¢) - (uac(¢-¢B))avl + 1/2[(1’38‘1’]3‘}2 -

[0*u3,¢]av2 (4.3.5)

which, through the use of adjoint operators, can also be written as

I(u,) = [T*u,0] - W(u,6) + (u,068)9y; + lo*(u-up),6lyy, +

%[¢,B¢]av2 (4.3.6)

The second term W(u,$) represents some arbitrary functional of variables

u and ¢. Remember that the operators and scalar products belong to

the special class discussed in Chapter 1. As a result when written

out explicitly, Eqs. 4.3.5 and 4.3.6 become integral expressioms.

By following the usual technique of feplacing u and ¢ with uten and ¢+, we

calculate the stationary equations. Each term of Eq. 4.3.5, for instance,

becomes
(uten,To+eTE) = (u,To) + (u,Teg) + (en,To) + (en,Teg) (4.3.7)
W(uten,¢+) = W(u, ¢) + (en,Wulup)) + [e&, Wyu,¢)] + oy (4.3.8)
(uten,o(¢-¢p)+oe8)gy; = (u,0(6-6p))av1 * (u,0e€) 3y, +

(enso(p-o8))ayy + (En,oeg)avl (4.3.9)
B0+l Bo+eBE ]y, = 3[0,B0]5y, + [€6,80]5y, + %[, Bet]yy,

(4.3.10)
[c*uBs¢+€5]8V2 = [U*uBs¢]3¢é[0*uB,€€]3v2 (4.3.11)
Using these expressions the expansion of Eq. 4.3.5 about u,$ becomes
I(uten,d+eg) = I(u,¢) + (en,(T-Wyly - °(¢'¢B)av1> +
[eg, (TFu-Hy)y + (o*u+Bp-o*uplyy,] + (en,Teg) -
(en,oe€)ay; + %leg,Beg] + 0y + 03 (4.3.12)

Referring back to Eq. 3.3.4, we can identify the derivatives as
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Iy = (Tp- Wady - [o(o=¢p)lav, (4.3.13)

Iy = (Tru-Wp)y + l[o*ut+B-c*uglyy, (4.3.14)
Now, we invoke Theorem 3.3.2. According to this theorem, the

functional of Eq. 4.3.5 is stationary at u,¢ such that I,=0 and I¢=0.

Therefore, we obtain

T¢p = Wu

in V (4.3.15)
Ty = Wo (4.3.16)
g = odp on 3Vy (4.3.17)
o*u + B¢ = o*ug  om 3Vy (4.3.18)

from the derivative expressions in Eqs. 4.3.13 and 4.3.14. Comparing
Eqs. 4.3.1-4.3.4 with Eqs. 4.3.15-4.3.18, it is immediately clear that

if we choose

Wu = u (4.3.19)

1}

Wy = £ - Qb (4.3.20)
the stationary point of Eq. 4.3.5 becomes the original boundary value
problem as desired. Simple calculations show that the functional W(u,¢)
with above derivatives has the form
W(u,g) = %(u,u) - %[0,Q@] + [£,4] (4.3.21)
Finally, we obtain the desired action integrals

I(u,9) = (u,T0) - 4(u,u) +%[0,Q0] - [£,9] - (u,0(¢-95))py; +

%[¢,B¢]8V2 - [U*UB,¢]aV2 (4.3.22)

I(u,¢) [T*U,Cb] = ]’2(u3u) +1/2[¢9Q¢] = [f’¢] - (uso(bB)aVl +
[G*(u-uB),¢]3v2 + %06,8015v, (4.3.23)

where the last equation is the Eq. 4.3.6 with W(u,¢) written out explicitly.
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4.4, Stationary Property of the Action Integral

In the previous section, we were able to start with a given boundary
value problem of a certain class and find its action integral. However,
nothing was mentioned about the nature of the stationary point. As
with ordinary function, a stationary point is either maximum, minimum
or saddle point. In the following, we show that added restrictiomn
on the original problem of Eqs. 4.2.1-4.2.3 leads to complementary
extremum principles.

Referring back to Theorem 3.5.1, it is seen that either convex-
concave or concave-convex saddle functional yields complementary extremum
principles. Keeping this in mind, let us examine the action integral
of Eq. 4.3.22. Remember the expressions of Eqs. 4.3.22 and 4.3.23 .
are equivalent integrals in a different form. Therefore, any result
that holds for one is automatically also valid for the other. Two
lemmas (3.4.3 and 3.4.5) tell us that we look at expressions

I(uy,9) = I(ug,$) - (uyp-up,I (ug,9)) (4.4.1)
and

I(u,01) = I(u,92) - [93-92,Ip(u,92)] (4.4.2)
where the derivatives are given by Eqs. 4.3.13 and 4.3.14 via Eqs. 4.3.19
and 4.3.20. After some manipulation and rearranging, Egs. 4.4.1 and
4.4.2 become

I(uy,$) - I(ug,9) - (ul-ug?Iu(u2,¢)) = =%(uj-ug,ui-ug) (4.4.3)

and
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I(u,b1) - I(u,99) - [61-02,Q1-92)] = %[d1-02,Q(d1-d2)] +
%[¢1‘¢2,B(¢1'¢2)]3v2 (4.4.4)

Therefore, the functional of Eq. 4.3.22 is always concave in u. If
we choose Q,B as

Q>0and B> 0 (4.4.5)
the functional becomes convex in ¢. The condition of Eq. 4.4.5 is,
therefore, the sufficient condition for the functional of Eq. 4.3.22
to be concave-convex saddle functional. We give this fact an elevated
status and state it as the following theorem.

Theorem 4.4.1. If Q>0 and B>0, then the action functionals

of Egqs. 4.3.22 and 4.3.23 are concave-convex saddle functiomnals.

4.5, Complementary Variational Integrals

Assuming that the condition of Eq. 4.4.5 is satisfied, Theorem 3.5.1
guarantees existence of two integrals--I(uj,$7) and I(up,$9)--which
approach the stationary value in a complementary fashion. Let us see
what these functionals look like.

Again referring to Theorem 3.5.1, we see that we need two sets of
pairs of functions, Q7= {(u,$):I,=0} and Q5 = {(u,9):1p=0}. 1In the
complementary variational theory, these sets are trivially generated in
the following way. In order to satisfy I; = 0, we refer to Eq. 4.3.13.
Since the first and the second terms are defined in a region V and
its boundary 3V, respectively, both terms must vanish independently.

This is accomplished first by picking ¢ arbitrarily from the set of
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functions that assume the value ¢ on 9Vy. This forces the boundary
term to vanish. Next, solve the first term for u in such a way that
it vanishes. The pair (u,$) generated in this fashion forms a member
in the set 7. In a similar manner, the set £y is generated from
Eq.4.3.14. Here, we need an assumption that the first and the second
terms can be solved for ¢. If this is indeed the case, then Iy = 0 can
be satisfied by picking u arbitrarily, without any restriction in V
as well as on the boundary, and solving Eq. 4.3.14 for ¢. The pair
formed in this way constitute a member in Qj.
With sets Q1 and Q) constructed, we are now able to form two
complementary functionals. The functional I(uj,$;) is obtained from
Eq. 4.3.22 by substituting the function u from £;. The calculation
is straightforward and the result is
J(o1) = 3%(Th1,To1) + %061,Q01] - [£,071] + %[61,801]3v,

- IO*UB,¢1]3V2 (4.5.1)
The subscript one is added to signify that the function ¢ is a member
of the set Q1. This integral gives the upper bound to the stationary
value. Substitution of ¢ from £, into Eq. 4.3.23 gives the other functional
I(u2,¢2). Again, after some simple calculations, one obtains the desired
integral

G(ug) = -%(ug,uy) - 1/2[Q-]" (£-T*u),f-T*u] + (02:0¢B)3V1
- %[B'lc*(ug-ug),G*(uz-uB)lavz (4.5.2)

The subscript two signifies that up is a member of 9. In both functionals
(Eqs. 4.5.1 and 4.5.2), the designations have been changed to J(¢7)

and G(up), respectively. This is to emphasize the fact that they are
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now functions of only one variable. If we now substitute arbitrary
functions ¢j,up to the corresponding functionals, Theoram 3.5.1
guarantees that the stationary value of the functional is always trapped
between the two functional values J(¢7) and G(up). The functionals
of Egs. 4.5.1 and 4.5.2 are the desired reformulation of the boundary
value problem of Eqs. 4.2.1 through 4.2.3.

Although Theorems 3.5.1 and 4.4.1 together insure the complementary
nature of the functionmals J(91) and G(up), it is reassuring to check
them directly. By following the conventional procedure of replacing

$1 with ¢ + €&, each term in Eq. 4.5.1 becomes

3(TO+TeE , TO+TeL) = %(Td,Td) + (To,TeE) + %(TeE,Teg)  (4.5.3)
L[o+e£,Qp+QeE] = %[9,Qp] + [¢,QeE] + *[e,Qet] (4.5.4)
[£,0+eE] = [£,0] + [f,e€] (4.5.5)

%[¢+€€=B¢+3€E]av2 = %[¢>S¢]3V2 + [¢,5€€]3v2 + %[EQ,BEE]QVZ

(4.5.6)

[o*up,d+eElyy, = [o*up,dlyy, + [o%up,etlyy, (4.5.7)
Grouping the terms with the same powers of €, we obtain
J(¢+e€) - J(9) = [T*To+Qé-£,eE] + (u,0e8)yy, +
[O’*U+B¢"O*HB,EE]3V2 + %(Teg,Tel) +

Bleg,Qet] + %leg,BeElyy, (4.5.8)
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where J(¢) is the exact stationary value. Now, assuming the functional

J(9+c£) is stationary at ¢, we let the first variation vanish. The

result is
T*T) + Qp = f in V (4.5.9)
g¢ = cdg on 3Vp (4.5.10)
o%T$ + Bd = o*ug on 3Vy (4.5.11)

recovering the original boundary value problem as expected. The total

variation of Eq. 4.5.8 is seen to be positive if Q > 0 and B > O.

This last result is what we wanted to confirm.

Following the same procedure, we can check the functional G(ujp).
Its total variation is calculated to be
G(u+en) - G(u) = -(u,en) + [Q L(£-T*u),T*en] + (en,0¢3)3V1 -

[8'10*(u-u3),0*en]3V2 - %(en,en) -
4leg,Qet] - Hlek,Betlyy, (4.5.12)

where G(u) is the exact stationary value. The second variation is

clearly negative, as predicted by Theorem 3.5.1
4.6. A Simpler Problem

So far, we have discussed the boundary value problem in which the
boundary consisted of two parts, 3V; and 3Vy. This type of problem
is generally referred to as the Dirichlet-Newmann problem. There is
another type of problem called the Dirichlet problem. Unlike the

Dirichlet-Newmann problem, the boundary is not divided in this type
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of problem. In this section, a brief discussion is given for the
Dirichlet problems defined by

T*Tp + Q@ = £ in V (4.6.1)

ob = odp on 3V (4.6.2)
In order to reformulate the problem as complementary variational
integrals, we follow the same steps illustrated in the previous section.
There is no reason to repeat them here so only the final results are
presented in the following paragraph.

All three functionals can be obtained from the corresponding
functionals for the Dirichlet-Newmann problem by suppressing the scalar
product terms on 3Vy. We list them below for later reference.

I(u,$) = (u,T) - »(u,u) + %[¢,] - [£,8] - (u,0(¢-¢p))yy

(4.6.3)

[T*us¢] = ]72(11,11) + 1/2[¢3Q¢] = [fa¢] = (uacq)B)aV

(4.6.4)

J(91) = %(To1,Td1) + %i01,01] - [£,61] (4.6.5)
6(ug) = -4(ug,up) -%[Q 1(£-T*uy),£-T*ug] + (ug,0¢p)yy (4.6.6)

The last two equations give the desired complementary bounds.

4.7. Some General Aspects of the Theory

At this point, it is appropriate to point to some facts not mentioned
in the previous sections. When constructing the set £, we needed to
force the derivative I, to vanish. In this process, the function ¢

had to come from a member of a certain restricted class of functioms.
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Therefore, the maximum principle I(u,¢) < J(¢1) is valid only when
the trial functions are picked from the class of functions that satisfy
the boundary condition ¢1 = ¢g on V. In the Dirichlet-Newmann problem,
this restriction is required only over the part of the boundary 3Vj.
Theorem 3.5.1 also required construction of Q9 such that derivative
I§ = 0. To meet this requirement, we had to assume that the first and the
second terms in Eq. 4.3.14 are solvable for ¢. This is possible only when
Q# 0 and B # 0. The trial function uy is then completely arbitrary
when these conditions are satisfied. Unfortunately, if Q = 0, then in
both Dirichlet and Dirichlet-Newmann-type problems, the trial function ujp
must be picked from the class of functions such that T*up = £ in V. If
B =10, in a Dirichlet-Newmann problem, ujy must satisfy o*uy = o*ug on
dVy. In a Dirichlet problem, the boundary 3Vy is missing and up is

always arbitrary on the boundary dV.
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5. APPLICATION TO MAXWELL'S EQUATIONS
5.1. Introduction
In this chapter, we will briefly point out the difficulties
encountered when one tries to apply the complementary variational theory
to Maxwell's equations. We shall first discuss an attempt to formulate
Maxwell's equations in their most general form. A discussion of
sinusoidally-varying fields concludes the chapter.

5.2. Maxwell's Equations in General Form

Electromagnetic phenomena are governed by the vector equations

—_— BE

VxE = Yy (5.2.1)

Vi = 3D .37 (5.2.2)
ot

VeeE = q (5.2.3)

VE=0 _ (5.2.4)

where we are conforming with the traditional use of symbols E} ﬁ; E;
B, and q. These symbols represent electric flux, magnetic flux,
and charge density fields, respectively. Equation 5.2.3 can be derived
from Eq. 5.2.2 through the continuity equation
7i. - (5.2.5)
at
while taking the divergence of both sides of Eq. 5.2.1 yields Eq. 5.2.4.

Therefore, Egs. 5.2.1 and 5.2.2 are the only independent relationships [28].
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There are two approaches in an attempt to formulate Egs. 5.2.1
and 5.2.2 as complementary variational integrals. The first approach
tries to view the two curl equations as canonical equations of some
functional. In recent years, Anderson and Arthurs have discussed this
point of view [2,6,10]. There are several ways in which Maxwell's
two curl equations can be regarded as canonical equations. One of
these is to regard the two curl operators as T and T*. The next step
in the variational formulation is to find the functional W, whose partial
derivatives equal the right-hand side of Egqs. 5.2.1 and 5.2.2. However,
Anderson and Arthurs show that such a functional W does not exist [10].
In Reference 10, the authors introduce two variables, in addi;ion to
E and E, and rewrite Eqs. 5.2.1 and 5.2.2 as two pairs of coupled curl
equations. The authors were then able to.derive several variational
functionals as functions of four variables.

In Reference 2, a different point of view is discussed. The
authors regard time-derivative operators in Eqs. 5.2.1 and 5.2.2 as
T and T*. By calculating the functional W, they were able to derive
a variational integral. Part of Reference 6 discusses the derivation
of two variational integrals from the original action integral presented
in Reference 2. However, these integrals do not give the dual extremum
principles as implied by the authors.

The second approach mentioned above starts with the reduction
of Eqs. 5.2.1 and 5.2.2 to a single wave equation. Specifically, we

try to see if the equation
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6x5x§+ug g—g = -uz—--{ (5.2.6)

belongs to the class of boundary value problem
T*To+Q ¢ = £ : (5.2.7)
discussed in the previous chapter. Equation 5.2.6 is written in terms
of the electric field E, but a similar equation holds for the magnetic
field H.
The difficulty here is that the time derivative in the left-hand

side of Eq. 5.2.6 is, in general, not proportional to the function

E. If it is, the proportionality constant can be considered as part

of Q in Eq. 5.2.7.
5.3. Time-Harmonic Wave Equation

Let us now st.ecialize Eq. 5.2.6 to a sinusoidally-varying field

and write it as

VXTxE-02peE = -u %% (5.3.1)
By identifying operators

T = curl (5.3.2)

T#= curl (5.3.3)
we recognize immediately that Eq. 5.3.1 is a particular case of
Eq. 5.2.7. Therefore, the gemeral results of Chapter 4 are applicable.

Equations 4.5.1 and 4.5.2 should yield two variational integrals.
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Unfortunately, the quantity Q in Eq. 5.3.1 is
Q = ~w?pe<0 (5.3.4)
This violates the sufficient condition, Theorem 4.4.1, for the dual
extremum principles. It is also evident from Eq. 4.4.4 that the condition
Q>0 (5.3.5)
is also a necessary condition for the dual extremum principles to be
valid if we assume boundary conditions are of nonmixed type. Therefore,
Eq. 5.3.4 implies that the boundary value problem, Eq. 5.3.1, cannot
be formulated as two complementary variational integrals. Equations
4.4.3 and 4.4.4 say that both integrals, J(¢) and G(u), will approach
the stationary value from one side.

The above discussion indicates that the theory developed in Chapter 4
is not directly applicable to Maxwell's equations. In the following
chapters, we shall present an alternate approach. We will find that
the power series form of Maxwell's equations can be formulated as two

complementary variational integrals.
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6. A POWER SERIES APPROACH TO SINUSOIDALLY-VARYING

ELECTROMAGNETIC FIELDS

6.1. Introduction

In the previous chapter, we saw that the complementary variational
theory in its original form does not apply to the basic electromagnetic
field laws. Even if we considered the special case of sinusoidally-
varying fields, there is difficulty. The very fact that the quantity
w e is inherently positive makes Q=-m$a negative, violating the
assumption in Theorum 3.4.1, The result is that the stationary principles
still hold, but the complementary extremum principles fail.

It is clear then that in order for the complementary extremum
principles to be useful in the electromagnetic field theory, we must
either modify this mathematical theory--if it be possible--or rewrite
the basic electromagnetic field equations in a different form. Imn this
éhapter, we will consider the latter option. It will be shown in the
next chapter that the complementary variational theory is applicable
to the equivalent but modified forms of Maxwell's equatioms.

The concepts and symbols discussed here closely follow that of

L. M. Magid [33]. 1In his book, Electromagnetic Fields, Energy, and

Waves, Magid carefully develops the concepts and touches upon many
insightful observations. He also gives thorough treatment of example

problems illustrating the usefulness of this approach to electromagnetic
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fields. For our present purpose, we will focus only on the development

of the concepts.

6.2. Frequency Dependence of Single-Frequency

Sinusoidal Steady-State Fields

The three-dimensional space in which solutions of Maxwell's equationms
are sought is sometimes referred to as the "region of fields." We will
retain the same useage. However, when the meaning is clear from the
context, we will simply refer to is as "region."

It is a physically observable fact that the sinusoidal electro-
magnetic field is a function of the spatial configuration and the
properties of the region of fields V, time t, position coordinates
X, ¥, 2, and frequency . If we fix region V, time t, and the position
coordinates, the field becomes a function of frequency w alone.

It is, therefore, legitimate to consider a Taylor series expansion
of each field quantity in ® about w=0 [33]. For example, it is possible
to write electric, magnetic, current'density, and charge density fields
as follows:

E(x,7,2,7,0) = elx,7,2,7) + wey(x,y,z,7) +

w? er(x,y,z,T) + *-* (6.2.1)

H(X,¥,2,T,0) Eb(x,y,z,r) + wgi(x,y,z,r) +
w? Eé(x,y,z,r) + e (6.2.2)
J(x,y,2,7,0) = J0(x57,2,T) + wi1(x,y,2,7) +

w? Ez(x,y,z,T) + e (6.2.3)
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plx,y,2,7,0) = pg(x,y,2,7) + wpi(x,y,2,7) +
w? po(x,y,2z,T) + = (6.2.4)
where the left-hénd side explicitly shows independent variables for
fixed region V. The variable 7 stands for wt. The variables w and t=wt
can be considered independent variables because w and t can be varied
independent of each other [33]. Each coefficient of powers of w can
be evaluated by differentiating a required number of times and evaluating

both sides of equality at w=0. For example,

ep(x,y,2,7) = E(x,y,2,7,0) |y=0 (6.2.5)

— 1, ok

ek(x,y,2,71) = g7 [ Eny,zeth0)] g (6.2.6)
e : 2.

for the electric fields. However, these two expressions are hardly
used in practice. The difficulty is that the total field E(x,y,z,r,m)
is rarely known. If the exact field is known, there is mno reason to

resort to power series approach.

6.3. kth-order Field Equations

Let us now deduce the consequences of representing all the field

quantities in Maxwell's equations as infinite power series in w.

First, rewrite Maxwell's equations (Egs. 5.2.1-5.2.4) as

VxE = -w  3B/3t (6.3.1)
VxH = J + w 3D/dtT (6.3.2)
v-D=p (6.3.3)
v-B=0 (6.3.4)
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in which T=wt and dt/dt is replaced by w. Now, substitute a power
series representation of the total field for each field quantity.
For example, Eq. 6.3.1 will look like

Uxeq + wVxep + w2 Vxeg + +-+
b ab ob

= -y (—53 + w —3%'+ w? e eee) (6.3.5)

where term-by-term differentiation, with respect to the variables

X,¥,2,T, 1is assumed to be valid. This equation can be rewritten as
(Vxeg) + w(Vxe1+dbp/at) + w?(Fxea+dby/3t) + === = 0  (6.3.6)

In Eq. 6.3.6, we notice that the set of functions (l,w,w?,0*,***)

are linearly independent. Therefore, each coefficient must be separately

zero in order for this equation to hold for all values of w. Performing

similar calculations for remaining Eqs. 6.3.2-6.3.4, we obtain the

desired results.

Uxeg = 0 (6.3.7)
vxhg = g (6.3.8)
v-dy = e (6.3.9)
Vebg = 0 (6.3.10)
7-Jg = 0 (6.3.11)
for the zero-order fields and
Vxep = - 3bk-1/01 (6.3.12)
Ve = Ji + ady-1/0t (6.3.13)
Vedp = Py (6.3.14)
Vb =0 (6.3.15)
g = - 90y-1/01 (6.3.16)
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for the kth-order fields where k2l. The kth-order boundary conditions
are obtained from the original boundary conditions given in Chapter 5.
The calculation procedure is the same as above and straightforward.

There is no reason to repeat them here so we shall simply list the

results.
ﬁ(é-I-é—II)k =0 (6.3.17)
nx(hy-hiplk = By (6.3.18)
n-(d1-d1p)g = nk (6.3.19)
H'(EI'EII)I( =0 (6.3.20)
n-Gr-itn) Ty * kp = - -1 (6.3.21)
n-(Jr-J1nlk * Vg - kg = o 3.

These boundary conditions apply to fields of all orders including
zero-order fields with one minor correction. In Eq. 6.3.21, the right-

hand side of equality becomes zero for zero-order fields.

6.4, Significance of the kth-order Field Laws

Perhaps the most important feature is the fact that, like zero-order

fields, the kth-order field laws for k>1 are not coupled anymore [33].

In the original Maxwell's equatioms E and H, for example, are coupled
through their time derivative terms BE/at and éﬁ/at. A closer look

at kth-order field laws, however, shows that the right-hand side of

the curl eguations contain the derivative terms on the k-lth-order

fields not on the kth-order fields. This is very significant. The

fact that the kth-order E and H are not coupled through their time

derivative terms means that the equations become much easier to
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solve [33]. In fact, the time derivative terms in the kth-order
can be regarded as a source, and the resultant kth-order fields become
static-like fields [33].

Also some implications on the zero-order fields deserve to be
mentioned. The zero-order field equations have the same mathematical
form as that of the static field equations. However, with later appli-
cation in mind, it is important to point out some differences. The
zero-order fields zre, first of all, time-varying fields. For a fixed
point in the region of fields, the zero-order fields vibrate sinusoidally
as time passes. This is in drastic contrast to the static fields that
are completely independent of the time variable t. Secondly, the zero-
order fields are part of the building blocks to the exact sinusoidally
varying fields through the infinite summations such as Eqs. 6.2.1-6.2.4.
The zero-order field acts as a source to the first-order field, which
in turn becomes a source to the second-order field [33].

Such a concept is entirely missing from the static fields. 1In
this sense, the static field is completely divorced from the time-varying
field, while the zero-order field is not. Therefore, we conclude
that the two fields, static and zero-order, are conceptually quite
different from each other. We are emphasizing these points here because
in Chapter 8, zero-order example problem is worked out as a specific
application of the complementary variational formulation of kth-order
field laws.

In his book Magid [33], works out three example problems: a

capacitor, an inductor, and a resistor. He shows that useful information



54

on impedance variations as a function of frequency w are obtained from
the first three terms of the series expansions. The crudest approximation
to the true fields is to neglect every higher order terms except the
zero-order. Notice that even in this crudest approximation the time
variation factor wt is accounted for. Once the zero-order fields

are obtained, which require no more effort than solving a static problem,
they can be used to obtain first-order fields, which in turn can be

used for obtaining second-order fields and this process can be continued
to all orders [33]. The next paragraph further illustrates the importance

of power series approach to engineering electromagnetic field problems.

This whole paragraph is quoted from the book by L. M. Magid [33].

"The quasi-static fields are defined as the time-
varying fields correct up to and including the first-order
contribution. The sinusoidally-varying quasi-static
E and H fields, for example, are given by

E = eg + e1 (6.4.1)

H="hg+ By (6.4.2)
The quasi-static fields defined above are clearly
approximations to the corresponding exact field values
that would be given by the entire infinite series of
Eqs. 5.2.1-5.2.4. They consist, to be sure, of only

the first two terms of each of those series. Although
one's first reaction here might be to consider the above
quasi-static fields as relatively poor approximations

to the exact series solutions, this is not necessarily
the case in many low frequency (and some not-so-low
frequency) systems. The quasi-static fields frequently
offer considerable insight into the response of many



55

systems of practical importance to electrical engineers.
In fact, the very foundation of circuit theory, ranging
from the terminal current-voltage characteristics of

the lumped circuit elements, R, L, and C, to Kirchhoff's
laws, follows directly from Maxwell's equations as
quasi-static approximations."

6.5. Alternative Forms

Equations 6.3.12-6.3.21 can be rewritten in slightly different forms
that are more convenient [33]. The time derivative terms with respect to
T in the curl equations will be replaced with terms differentiated with
respect to t rather than T. This brings the kth-order equations to a
closer resemblance to the original Maxwell's equationms.

For the purpose of illustration, consider Eq. 6.2.1. We define
the new terms in the power series as

Ek(x;y,z,T,m) 2 wkgy (x,y,2,7), kK0 (6.5.1)
so the total field will look like
E(x,y,2,T,0) = Eg(x,y,2,7) + Ej(x,y,2,7,0) +
Ep(X,y,2,T,0) + =-- (6.5.2)
Unlike the previous kth-order fields, the new kth-order fields

are dependent on frequency w. The explicit dependence is expressed

by Eq. 6.5.1.
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The next step in the derivation is the multiplication of

Eq. 6.3.12 by wK. The result is

¥ x wkep = -u %; ok 15y 4 (6.5.3)
where in the right-hand side wk is split into two parts as shown.
Using the new definition, Eq. 6.5.1, it can be written
7 x By = -%g k-1 (6.5.4)
in which the derivative with respect to 1 has been replaced by the
derivative with respect to t. This step is straightforward if we
recall that t=wt.
Equation 6.5.4 is the desired result. As indicated earlier,
this equation has the same form as the original Maxwell's equationms,
except for the subscripts in E and B. We can carry out the similar
calculations on Eqs. 6.3.13-6.3.2]1 with the results
VxE,=0 (6.5.5)
vV x Hy = Jp (6.5.6)
v- Dy = pg (6.5.7)
7By =0 (6.5.8)
V3o =0 (6.5.9)
for the zero-order fielﬁs, and
T x E = -aB‘B‘;l_ (6.5.10)
- = = 8D, 1
V x B = J + T (6.5.11)
7 - B, "k (6.5.12)
V. Bg=0 (6.5.13)
Vs ap§;1 (6.5.14)

for the kth-order fields where k>1. The boundary conditions become
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VE' Ik =

an

k-1
0

(6.5.15)
(6.5.16)
(6.5.17)
(6.5.18)

(6.5.19)

In Eq. 6.5.19, the same comment made on Eq. 6.3.21 applies, that is,

the right-hand side of the equality becomes zero for zero-order fields.
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7. COMPLEMENTARY VARIATIONAL FORMULATION OF kTH-ORDER FIELD LAWS

7.1. 1Introduction

We are finally in a position to discuss the application of the
complementary variational principles to the electromagnetic field laws.
In the following, it will be shown that the kth-order field laws dis-
cussed in the previous chapter can be formulated as two variational
integrals for which dual (complementary) extremum principles hold.

However, some restrictions must be placed on the region of fields before

such formulations are possible.

7.2. Property of Region of Fields

As far as electromagnetic fields are concerned, a region of space--
whether vacuum or filled with matter--can be characterized by three
parameters [29]. These parameters are permittivity ¢, permeability u,
and conductivity ¢g. There are certain standard terms used to describe
the nature of materials that apply to many physical properties. It
is common to retain this usage in describing electric and magnetic

properties as well. The equivalent definitions of the following terms

can be found in many textbooks such as Ref. 28.
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1. T7Tf all three parameters of the material do not depend on
position, the term homogeneous applies; otherwise, the
material is said to be inhomogeneous.

2. 1If all three parameters of the medium are the same regardless
of the direction of any of the field vectors, it is called
isotropic. If the relations depend on field directionms,
the medium is anisotropic.

3. 1If all three parameters do not depend on the amplitude of
the field, the medium is called linear; otherwise, it is
nonlinear.

4. 1If all three parameters change with time, the medium is called

time-varying; otherwise, it is time-invariant.

The solution of Maxwell's equations depend strongly on the properties
of the region for which solutions are sought [33]. Normally, it is
very difficult or impossible to solve field equations for the very
general cases of inhomogeneous, anisotropic, nonlinear, and lossy region.
For this reason, many textbooks on the subject discuss only the special
cases for which exact solutions can be found. A similar difficulty
seems to be true when one tries to formulate Maxwell's equations as
variational integrals. Difficulties seem to multiply exponentially as
one allows more properties to be general. For example, Konrad's paper in
1976 [30] appears to be the first to present a three-component variational
formulation valid in a region of anisotropic media. Similarly, it was

not until Chun and Chuen's work was published in 1980 [21] that the
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loss in terms in variational integrals could be systematically accounted
for. In their paper, they discuss the general nonself-adjoint problem
and apply it to Maxwell's equations with loss.

In the following sections, it will be shown that the dual extremum
formulations of kth-order field laws are possible at least in the
lossless, inhomogeneous, isotropic, linear, and time-invariant regiom.
Notice that the inhomogeneity is the only property allowed to be general
while other properties are restricted. Letting other properties become
general introduces difficulties unsurmountable at the present time.

However, allowing inhomogeneity of the region is very significant.
There are many problems in engineering electromagnetics where all the
properties of a region of fields are restricted. This is evident from
the casual reading of some popular college level textbooks on the subject,
such as Ref. 29. Allowing inhomogeneity will certainly enlarge the

class of solvable engineering problems significantly.

7.3. Impressed Sources J and 0

In the previous section, we indicated that the conductivity will
be assumed to be zero. Under this assumption, the current density
J will be considered to consist entirely of impressed source current.
In other words, the only induced currents will be the‘electric and
magnetic displacement currents, and J will be considered as a source

(cause) of the field.
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The variational formulation presented in the following sections
depends strongly on the nature of J and p. To be precise, for the
charge density, the zero-order term fo will be the qnly term allowed
to ;ake on a nonzero value. We must assume all the other terms py
to be equal to zero for k>1.

This restriction makes it possible to represent electric field
Ek, for k>1 as a curl of some vector field. On the other hand, current
density fields jk! for k>0, can be allowed to be nonzero. The reason
for these restrictions will become clear as one follows through the
mathematical derivations in the following sectioms.

In order to develop some ipsights into the nature of sources J and
p, let us pause for a moment and reflect on some of the implications
of the power series approach. Equation 6.5.1 says that the frequency
wX is a simple scalar multiplying factor. Frequency does not enter
into ey in any fashion. Let us consider a special class of solutionms,
discussed in the book by Magid [33], which are sufficient to illustrate
the nature of kth-order fields. These solutions have the general form

Ek(x,y,z,T,w) = wgfk(x,y,z) cos wt (7.3.1)
where the amplitude consists of wk multiplied by the spatial factor,
Ek. It is important to point out that, in general, the vector fields
?k will be different for different frequencies. This is evident by
noting the facts that the spatial configuration of the total field
changes as frequency varies and the spatial information is contained
only in the term E&. Each kth-order field.vibrgtes at single frequency

w. This situation is quite different from the usual series expansions
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encountered in electrical engineering. Normally, electrical engineers
talk about Fourier series in which each term in the series vibrates at
integer multiple of the fundamental frequency. The equation (7.3.1)
is written in terms of electric field but of course similar equations
apply to other field quantities.

It is evident from Eq. 7.3.1 that the zero-order field is the
only term without the frequency multiplying factor. Furthermore, the
zero-order field laws (Eqs. 6.5.5-6.5.9) say that these equations are
completely independent of frequency. (This statement seems to contradict
the fact that zero-order fields vibrate at frequencyy . However, let us
quickly remind ourselves that the theory of the power series approach
is built on the rightful assumption that w and wt are independent.)
Therefore, unlike every other term, Eb in Eq. 7.3.1 is independent
of the frequency.

Now, let us go back to the sources J and p. As clear from the
above discussion, restricting the charge demnsity p to be equal to the
zero-order term means that its spatial configuration as well as the
amplitude multiplying factor are independent of frequency w. Of course,
they may vibrate at frequency w. The current demnsity, on the other
hand, was allowed to have an unrestricted number of nonzero kth-order
terms. This implies that the spatial distribution of the total current
may be a function of frequency.

This concludes the necessary preliminary discussions and we are
now ready to discuss the main topic of this chapter, the complementary

variational formulation of kth-order field equatioms.
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7.4. TFormulation of Zero-order Electric Field Equations

For convenience, let us at the outset write down the zero-order

electric field equationms.

Vx Eg = 0 (7.4.1)

vV - eEg = Py (7.4.2)
The first equation says that Eb is curl-free. As such, it can be repre-
sented by gradient of a scalar field. So, let us write

Ep = - V% (7.4.3)
in which a minus sign is added to make the function ¢ represent a real
physical quantity, voltage. This representation guarantees that Eq.
7.4.1 is identically satisfied. Now, substitute Eq. 7.4.3 into
Eq. 7.&.% to get

V-eW = -pg (7.4.4)
where ¢ and p are, in general, functions of spatial coordinates.
Equation 7.4.4 is equivalent to Eqs. 7.4.1 and 7.4.2 taken together,
but with the restriction that.Eo is represented by the special form
of Eq. 7.4.3. The goal is then to find two complementary variational
integrals whose stationary equations are equivalent to Eq. 7.4.4 and
imposed boundary conditions not yet specified.

The first step is to invent suitable operators, T, T*, 0, O¥,

as discussed in Section 3.2, satisfying the equation

(u,T9) = [T*u,9] + (u,0¢6)5y (7.4.5)
where the boundary term can also be written as:

(u,00)3V = [O%u_,¢]aV (7.4.6)
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To this end, consider the vector identity
V-cup=cu- Vo +oV- e (7.4.7)
After integrating both sides of equality, it can be rewritten as:
J@Torear = [ (T-emocav +{  (@p)ean (7.4.8)
By changing the order of U and n, the last term is also equal to

S (u*nd)edB =f (n-u)¢cdB (7.4.9)
v v

Comparing Eq. 7.4.8 with Eq. 7.4.5, we now identify the operators as

To = Vo (7.4.10)
THy = -%V'El_l- (7.4.11)
b = no (7.4.12)

The adjoint operator o* can be identified as

o¥u = neu (7.4.13)
from Eqs. 7.4.6 and 7.4.9. Note that our scalar products contain a
multiplying factor €. This is slightly different than any of the scalar
products encountered in Chapter 3. In Eqs. 7.4.11 and 7.4.13, the left-
hand sides are written in a general notation that does not distinguish a
vector function from a scalar function. This notation will be retained
throughout the remaining discussions.

Next step in the formulation is to identify the original problem

Eq. 7.4.4 as belonging to a class of problems

T*Tdp + Q¢ = £ (7.4.14)
Knowing what the operators T,T* for this problems look like, we see
that the left hand side of Eq. 7.4.4 must match up with the term T*T¢
in Eq. 7.4.14. This can be seen by rewriting Eq. 7.4.4 as

P

S lgTe =0 (7.4.15)
£ £
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and comparing it with Eq. 7.4.14. Now it is clear that Eq. 7.4.15

is a special case of Eq. 7.4.14 with

Q=20 (7.4.16)
p
£=_0 (7.4.17)
€
Therefore, according to the theory developed in Chapter &4, the original
problem Eq. 7.4.4, or equivalently Eq. 7.4.15, can be formulated as
two complementary variational integrals.

To make the original problem complete, we must impose boundary

conditions. We will consider two such conditioms.

ny = n¢g on 3V (7.4.18)
or

n¢ = mgg on 3V (7.4.19)

n-V$ = n-dp on 3, (7.4.20)

The first condition, Eq. 7.4.18, is the Dirichlet condition and

Eqs. 7.4.19 and 7.4.20 together are called Dirichlet-Newmann conditioms.
It is felt that the above two conditions are quite general and include
many problems of interest in electrical engineering. Consequently,

the original equation (7.4.15) with one of the two boundary conditioms
will completely specify our problem.

It is now easy to see that our problem belongs to the special class
of boundary value problems discussed in Chapter 4. The remaining task
is therefore is simply to apply the general results developed in that
chapter. The results we need are the Eqs. 4.6.5 and 4.66 for Dirichlet

problem and Eqs. 4.5.1 and 4.5.2 for Dirichlet-Newmann problem. For
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convenience we will list the original boundary value problems together

with their complementary variational equivalents.
1. Dirichlet Problem
a) Original problem
—3_— TeeVo = p_g in V
n¢ = ngg on 3V
b) Complementary variational counterparts
3(0) = {26 To-pgoav
'E-HdJB edB

oV

2. Dirichlet-Newmann Problem

@ = (-eu-vav +

a) Original problem

- P
- v-ev¢;=—g- in V

no = n ¢g on avy

-V = E'EB on 3Vp

=

b) Complementary variational counterparts

J(¢) S%E-V_d)‘—v-d:-pod)dv —SK-EB oedB

o(@) = {-% w-vav +{ Tatgean

LA

(7.

(7.

(7.

(7.

(7.
(7.

(7.

(7.

4,

.21)

.22)

.23)

.24)

.25)
.26)

.27)

28)

(7.4.29)

We have therefore succeeded in transforming the boundary value problem

of zero-order electric field into a variational problems.

7.5. Proof of Dual Extremum Principles

Although the theory developed in Chapter 4 guarantees complementary

extremum principles, it is reassuring to prove them directly.

We will
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prove "minimum" principle. Let us first write down the canonical form,

discussed in Chapter 4, of the original problem:

Vo =u  inV (7.5.1)
1. —_ o

. V- ¢gu = - (7.5.2)
n$ = Tég on dV (7.5.3)

Next, substitute ¢+ af, where ¢ is assumed to be an extremal, for ¢ in
Eq. 7.4.23., Each term in the integrand becomes

Le(VetTaE) « (To+Vag) = LeVor Vo +eV¢r Vaf + %eVaiVag (7.5.4)
and

pg (p+ak) =pgd + pgoi (7.5.5)
resulting in the equality

J(p+0E)= S%e%-%- Po dV + cha% Vg~ pEAV +

aZSI/ZE-V_E-;EdV (7.5.6)

Through the use of vector identity

V- (£cT9) T -eV4+£7-oT0 (7.5.7)
the first variation can be written as

61 = af-E7-c70- pot av + afecVo-nap (1.5.8)
If we pick trial functions from the class of functions satisfying the

boundary condition as required by the theory, we get the relatiomship

1l

n$ + naf = ndy (7.5.9)
But, the function ¢ by itself must certainly satisfy the boundary
condition. Therefore, we obtain

ng =0 (7.5.10)

The first variation now becomes

81 = a { ~e(T-eVgtog)av (7.5.11)



68

For this integral to vanish for all arbitrary £, the fundamental theorem
of calculus of variations guarantees that the factor

T-eV6 + pg = 0 (7.5.12)
must be zero recovering the original differential equation. This proves
what is sometimes referred to as the '"stationary" principle. Because
of the initial assumption that € is an extremal Eq. 7.5.6 becomes

J(p+08) - J(¢) = sz%E;E-vﬁdV (7.5.13)
where ¢, the permittivity of region of fields, is always positive.
The term VE-VE is square of the norm and therefore either larger than
or equal to zero. This makes the total variation

J(4+ag) - J($)>0 (7.5.14)
positive proving the minimum principle.

Next we prove "maximum" principle. We follow similar steps as

above and first write a trial function in the form U + oV where U is

assumed to be an extremal. The Eq. 7.4.24 then becomes
6(wrov) = {m-Teav + Sa u-peds - ofT-veav +
v
v-adgeds - o® f % T-veav (7.5.15)

“f
v
after some rearranging. Now suppose U satisfies
T =V (7.5.16)

where ¢ is an extremal for the functional J(¢). Substituting this

particular form for U, the first variation takes the form

o1 -aﬁb- €WdV + o S v-n¢B €dB
v

(y’j‘d)g.ggdv - aja E\_7¢ .;dB + aSa -\;'Ed)BEdB (7.5.17)
\Y \Y
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The last two terms cancel because ¢:=¢B at the boundary. We recall
now that the trial function must satisfy Eq. 7.5.2. As a consequence,
we obtain the relationmship

-7-Eu -7 eav = Pg (7.5.18)
which gives

V.ev = 0 (7.5.19)
This last equation forces the first variation to vanish. Therefore,
the functional G(u) is stationary at the exact solution of the original
problem. Furthermore, the second variation in Eq. 7.5.15 is seen to
be negative. Thus, we conclude

G(utav) - G(u)<0 (7.5.20)
proving the maximum principle.

Before leaving the Dirichlet problem, let us compare the exact

stationary values of the two functionals. At the stationary point,
Eq. 7.4.23 becomes

J(9) = Sl/ze'v’qs-%-dfv'-e%dv (7.5.21)
because of Eqs. 7.4.21 and 7.5.1. The second term in the integral

can be replaced by its identity resulting in the expression

J($) S%GE';-EG-;dV +S €up+ndB

v

[{}

{3 evuav + { G- neseas (7.5.22)
v
Therefore, at the stationmary point the functional J(¢) is identical
to its complementary functionm G(u).
The proof of Eqs. 7.4.28 and 7.4.29 are quite similar to what

has been shown above. Consider Eq. 2.4.28. This equation is the same
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as Eq. 7.4.23 we just proved except the additiomal boundary term has
been added. 1Its total variation becomes

(o +aE) - 3(6) = afeVo Vg~ pggdV - , Auteds +
. - Vo
a?§4eveeve av . (7.5.23)

The first variation can be rewritten as

01

o -E;'s§§- p~EAV + « gs§@ -ndB + q ge$$ -ndB -
a{ n-uBgedB
Javz _
@ §-g (V-eVo+ pgldV + @ v gen-(v$-uB)dB (7.5.24)
V2
through the use of vector identity, Eq. 7.5.7, and Eq. 7.5.10. Setting

§1=0 results in
VeeVétpg = 0 in V
n¢ = néB on 3Vy

n-

©
[}
=]
g
o]

on 3dVy
recovering the original boundary value problem. Since the second
variation in Eq. 7.5.23 is positive, we obtain

J(¢+ag) - J(9)20 (7.5.25)
proving the minimum principle.

Next, we prove the maximum principle. Consider Eq. 7.4.29. Note
that this equation is identical in form to that of Dirichlet problem.
The only difference is that in Eq. 7.4.29, the boundary term is integrated
over part of the whole boundary. The total variation looks like

G(u +0v) - 6(w) = -a § T-vedV +ofv-npBds - o?f5v-Teav  (7.5.26)
Now suppose G;gﬁ. Then, by the same reasons explained for the Dirichlet

case, the first variation becomes
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86 = -a{Ve -vedv + § V-néBedB
- _ V1
= a§¢V-evdv - ay ¢v-medB -o{ ¢v-neds +
V1 vy
o S v.n9BedB
V1
- Jo7 evav - | e (7.5.27)

aV2
Recall that the theory in Chapter 4 requires trial functions to satisfy

not only Eq. 7.5.2, but also

n-(utqv) = n-uB on vy (7.5.28)
yielding the result

n'v =0 on 3Vy (7.5.29)
Therefore, the boundary term in Eq. 7.5.27 must vanish while the previous
result, Eq. 7.5.19, forces the first term to zero. This proves that the
functional G(;) is stationary at the exact solution of the original
boundary value problem. In Eq. 7.5.26, the second variation is seen to
be negative. Therefore, the maximum principle

G(u-ov) - G(u)<0 (7.5.30)
also holds.

As required by the general theory developed in Chapter 4, it has
been demonstrated that the two functionals for Dirichlet problem assume
the same value at their stationary points. We should be able to show
the same results for Dirichlet-Newmann problem. By use of the vector
identity, Eq. 7.5.7, it is easy to see that the functional J(¢) is

equivalent to:
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J(o) sizze% V9=V -cVodV + S 0eVé-ndB +
V1

{. 6evs-nan -\ 5-TBpeds
oVo "oV,

S “Ley - udv + S S-n¢BedB
vy

]

c(v) (7.5.31)

confirming what is predicted by the general theory.

7.6. Formulation of Ey, Hy, and Hy

The kth-order electric fields for k>l are divergence-free under
our assumption k=0 for k>1. The kth-order magnetic fields are also
divergence-free for all orders of k. Therefore, we should be able
to represent them as a curl of some vector field.

Before discussing the variational formulations, let us first write

down the field laws under consideration:

TxEy = - a_Bng (7.6.1)
k>1
VeeE = 0 (7.6.2)
for electric fields;
TxHg = Jg (7.6.3)

chHO = 0 (7-6.4)
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for zero-order magnetic field; and

=, D1

._ H, = +
VxHy Jx ot

(7.6.5)
k>0
Venly = 0 (7.6.6)
for kth-order magnetic fields. These field laws are particular instances

of the equation

%A = F (7.6.7)

<i

ah =0 (7.6.8)

<

By interpreting Z, a, and E.differently, the above three relationships
can be recovered. Therefore, in the following we will consider the
general case of Eqs. 7.6.7 and 7.6.8.
The first step is to represent the quantity aA as a curl of a
vector field ¢ by defining
ah = Vxg (7.6.9)
Next, substitute this equation into Eq. 7.6.7, obtaining
Tx:Txp = F (7.6.10)
Now, we need to identify Eq. 7.6.10 as belonging to the class of problems
T*Tp+Qd = £ (7.6.11)
If we can show this, then the general results presented in Chapter 4
will immediately yield the desired variational formulationms.
To this end, consider the vector identity
Velaxg = $3§k§ﬁliﬁ-§ia (7.6.12)

a

We can rewrite this as

Sﬁl§k¢§dv = Sa§kl§.¢ Lav + Savﬁ°nx 14z
a a a

(7.6.13)
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after integrating both sides of the equality. The boundary term in

Eq. 7.6.13 is also equal to

By the same reasoning given in Section 7.5, the last two relationships

“Axue? i— dB (7.6.14)

enable us to define appropriate operators for the problem under con-

sideration. These operators are

Tp = Vx¢ (7.6.15)
inV

T*y = a_V—x%E (7.6.16)

op = nx¢ (7.6.17)
on 3V

o%u = -nxu (7.6.18)

It is now clear that if we multiply both sides of the equality
by the quantity a, Eq. 7.6.10 becomes a special case of the class of

problems defined by Eq. 7.6.11. The quantities Q and f in Eq. 7.6.11

are seen to be

]

Q=0 (7.6.19)

£ = aF (7.6.20)
it is interesting to note that Eq. 7.6.10 and Eq. 7.5.15 both belong
to the same subclass of Eq. 7.6.11, in that both Q=0 and f#0 are true.
To specify the problem completely, we must impose a boundary
condition. The general theory allows Dirichlet, Newmann, and mixed

conditions. But, we will consider only the Dirichlet condition.

Therefore, our complete problem becomes

Vx¢ = aF in V (7.6.21)

o [

avx
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nx$ = nxép on 3V (7.6.22)
In many electromagnetic problems, the boundary conditions are specified
in terms of the tangential components of the field. Eq. 7.6.9 then
allows us to determine nxgg.
Once we have determined that our problem falls under the special
class discussed in Chapter &4, the remaining task is to invoke the general

results. Therefore, using Eqs. 4.6.5 and 4.6.6, we can immediately

write down the desired formulations

J(9)

S 31 gxa-ng-f'-adV (7.6.23)
a
and

6(u) (7.6.24)

i
oy,
y
e
|
.
&)
o)
P
5
——y
&
=]
"
v]
=
(=N
(o]

where J(¢) and G(u) yield upper and lower bounds, respectively.
. For convenience, let us specialize Eqs. 7.6.23 and 7.6.24 to the
original fielé problems and list the results for later reference.

These results are:

3(9) = S‘/zl Tx6 Txp-Jg- ¢V (7.6.25)
u
o + §-4wT Llavs | Tomgy Lan (7.6.26)
; H - P\ u
for Hp, and
—- 9B
J(9) = \% L ogexp + Kolgav (7.6.27)
KPR
u = -1_0— 1 —-'—. 1
G(u) S .U 2 dV + ngu nxgp < dB (7.6.28)
for Ek, and _
_ 3, _,
3@ = % Lxp- T~ (Gih o) -5av (7.6.29)
" ot
G(u) = \-%u-ulav+\ U.hxeg Ll dB (7.6.30)
j s u Sav *5

for ﬁk. Equations 7.6.26 and 7.6.30 are seen to be the same, but they

are listed with their corresponding J(9) for completeness.
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7.7. Proof of the Validity of J(¢) and c(u)

The general theory of Chapter 4 guarantees the validity of dual
extremum principles for J(9) and G(W). In the following, we shall

prove them directly. Let us first write down the canonical equations

wo

avx

u (7.7.1)

(7.7.2)

T
£l
W
=

for the original problem, Eqs. 7.6.21 and 7.6.22. Consider
Eq. 7.6.23. By the same technique employed in the static case, we

substitute $}c54anE-for E; Expanding each term and collecting proper

terms together, we obtain

+ azsl/lexE-'v—xEdV (7.7.3)
a

Through the use of a vector identity

- 1 F = Feux 1T 15 7. 5xr
. = VXQXE = VX LUXp= —VX4 VX (7.7.4)

Ve £ VRGRE = £TUx e Ve
the first variation takes on a different form

61 = of £+ (Tx Lgxg-Fav +o . 15 mgan (7.7.5)

a v a

But, we recall that the trial functions must satisfy the boundary condi-
tion. This restriction yields the relatiomship

ax($+aE) = H&Eﬁ on 3V (7.7.6)
which implies

nxf = 0 on 3V (7.7.7)
Therefore, only the first term in Eq. 7.7.5 survives. Finally, setting

the first variation equal to zero, we obtain the stationary equation
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VX

o [~
|

xg-F = 0 (7.7.8)
which is precisely what we wanted to show. Also, the second variation
in Eq. 7.7.3 is always positive, establishing the "minimum" principle

J(o+aE)-J($)20 (7.7.9)

Next, we prove the "maximum" principle. By substituting utov

for u in Eq. 7.6.24, we obtain

G(wrew) = \-Lu.udv + S T-mxop L dB
w Vv a
+ a\-T-7 L av+ of v-nixgg L
as utv = av a%yv nxép = dB

—

-0 S‘/zv

<i
o

dv (7.7.10)
Suppose the stationary function u satisfies Eq. 7.7.1. The first

variation then becomes

¢

aS-vxg.V% av + asavv.ang % dB

il

aS-$3€k 1 Jav -aS venxp L dB
a oV a
+u5 V.nxpp L dB (7.7.11)
v a
in which the last term was obtained through the vector identity,
Eq. 7.7.4. 1In Eq. 7.7.11, the boundary terms cancel because
nxy = nxpp on 3V (7.7.12)

We also recall that the general theory requires the trial functioms

to satisfy the second of the canonical relationships, Eq. 7.7.2. This

leads to

(7.7.13)

<|
»
N
<l
[}
o
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Therefore, the first term in Eq. 7.7.11 also vanishes, making the
functional G(u) stationary at the solution of the original boundary
value problem, Eqs. 7.6.21 and 7.6.22. The "maximum" principle

G(utav) - G(u)<0 (7.7.14)

holds because the second variation in Eq. 7.7.10 is always negative.
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8. SIMPLE APPLICATIONS

8.1. Introduction

In the previous chapter, we derived complementary variational
integrals for Maxwell's equations in power series form. We have also
proved the validity of each integral directly. These variational
integrals are equivalent to the k-th order field equations in point
form. As such, they must be applicable to any sinusoidally-varying
electromagnetic field problems.

In this chapter, we will apply our formulations to a simple analysis
of a parallel-plate capacitor. We will derive variational approximations
to the D.C. capacitance of the structure and compare them with the
exact value. Also, the effect of the magnetic field (produced by the
changing electric field) on capacitance will be estimated by keeping

the first three terms in the power series solution.

8.2, Definition of the Problem

Figure 8.2.1 shows a parallel-plate capacitor with dimensions
and coordinate system as indicated. We assume that the capacitor has
an air dielectric between the plates and is excited by the distributed
sinusoidal source, vg, at z = -¢. Solution is sought under the non-

fringing assumption. This problem is described by Magid in Ref. 33.
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Figure 8.2.1. Parallel-plate capacitor
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For the purpose of comparing different solutions at dilferent
frequencies, we must fix one reference quantity at a chosen reference
point [33]. 1In order to make the problem precisely the same as that
described by Magid, we will choose the reference point af 2=0 and fix
the voltage at this point

vg = Apcoswt (8.2.1)
with the constant magnitude A. We shall refer to it as the "reference
voltage." This means that at each frequency, the amplitude of the
source must be adjusted until the magnitude of the voltage reads A at
z=0. This reference requirement enables us to compare the relative
size of each kth-order field. Our problem is to estimate D.C. and
frequency-dependent capacitances of the system using complementary

variational techniques, and to compare the results with exact solutions.
8.3. Exact Solutiomns

Before we proceed with the variational formulations, let us write
down the exact solutions. Our main purpose in this chapter is to illus-
trate the variational methods--not the mathematical techniques leading
to the exact solutions. 1In fact, we shall skip the entire mathematical
details and simply list the final results for later reference. For our
purpose, it is sufficient to know the first three terms in the power

series. These fields are

=1
o
I

= -E% A/d coswt (8.3.1)

Hyp =0 (8.3.2)
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E; =0 (8.3.3)
By = -1, 0%, s (8.3.4)
1= 1y 2.-__a_Az sinwt 3.
Ey = iy 9.3%%9_ z? cosuwt (8.3.5)
Hy = 0 (8.3.6)

in which pg and € are the permittivity and permeability of free space.
Magid's book [33] discusses the mathematical details in obtaining these
exact solutions.

Notice that the odd-term electric field is zero, while it is the
two even terms that vanish for the magnetic field. This situation
continues to hold true for all orders of k. Therefore, for both Ek and
ﬁk, the nonzero terms appear in an alternating fashion. This trend

is typical of the power series approach [33].

8.4. D.C. Capacitance

In general, the D.C. capacitance of a two-conductor structure

can be defined in terms of stored electric energy by the equation

Cp.c. = 2/A* Vg (8.4.1)
The quantity A stands for applied D.C. voltage and wgp stands for energy
stored in the electric field. For the parallel plates in our problem,
this D.C. capacitance can be calculated to be

Cp.c. = €0 — (8.4.2)
showing that it is independent of the applied voltage. Therefore,
we should be able to apply an arbitrary D.C. voltage A without violating

the equality in Eq. 8.4.1.
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Let us now consider exact zero-order electric field solutioms for
this parallel-plate capacitor. We see from Eq. 8.3.1 that the only
difference between static and zero-order fields is that the zero-order
field vibrates sinusoidally at frequency w. However, even though the
zero-order field is vibrating, it is not capable of producing a magnetic
field. This is evident from the zero-order electric field equations.
Therefore, at each fixed time, the zero-order electric field is equivalent
to the static electric field. (There is no magnetic field associated with
a static field.) It is clear then that Eq. 8.4.1 should remain valid
vhen static voltage A is replaced by the zero-order reference voltage,
Acoswt, oscillating at an arbitrary frequency. In our problem, the
source and reference voltages are the same because.fo is independent

of the coordinates y and z.

8.5. Zero-order Variational Formulation of D.C. Capacitance

The governing laws for the zero-order electric field are
VxEy=0 (8.5.1)
ﬁleOEo =0 (8.5.2)
where the zero-order charge density is zero for our system. The problem
is therefore a special case of the more general situation discussed

in Section 7.4. By representing fo as a gradient field

Eg = - V¢ (8.5.3)

we obtain the governing equation for ¢

VeegV=0 (8.5.4)
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no = nép (8.5.5)
where a boundary condition has been added for convenience. The first
step in complementary variational formulation of Eqs. 8.5.4 and 8.5.5

is to write them as coupled canonical equations

V9 =u (8.5.6)
inV
-1 V;'Egﬁ=0 (8.5.7)
€0
n¢ = nép on 3V (8.5.8)

We could have formulated the problem as the Dirichlet-Newmann~-type
problem. Our choice of the Dirichlet condition has no particular reason.
The general results of Section 7.4 immediately yield the desired

variational formulation. These integrals are

36) = [ eqVo-Toav (8.5.9)

c(w

S-l/zu“"dv+ SBVE-T@BeodB (8.5.10)
One immediately realizes that the integrand in Eq. 8.5.9 is the usual
definition of electric energy density. We will interpret it as the
"zero-order electric energy." Therefore, in view of the equality of
both Eqs. 8.5.9 and 8.5.10 at their stationary point, we cdnclude that
J(#) and G(u) represent the exact emergy at the stationary point.

Equation 8.4.1 then says that we can write D.C. capacitance

Cn o = — 2 % covs-Toav (8.5.11)
D.C. 5 £ Vo-Vdd .5.
Azcogzwt

Cp.c. = A%cos’ € S - Lyeudv + Sav—l—l'—r;dJBEodB (8.5.12)

which are the desired complementary variational formulations of the

DC capacitance.



85

8.6. Approximate Calculation of D.C. Capacitance

The exact solutions for our problem can be determined to be

b =<%)xcoww (8.6.1)
Eb = - iy (%) cosut (8.6.2)
under the Dirichlet boundary conditions
0 at x=0
o = A cosWt at x=d
(A/d) x coswt at y=0,w
z=0,~-%
For the purpose of illustrating the variational formulations, Egs.
8.5.11 and 8.5.12, we shall perturb the exact solution slightly and
evaluate approximate capacitances.
First, let us evaluate Eq. 8.5.11 through the use of a trial
function
¢ + af = A/d x coswt + ax(x-d)y(y-w)z(z+L)coswt (8.6.3)
This particular choice of the second term is consistent with the
requirement that the trial function must satisfy the Dirichlet boundary

condition. The functional J(¢+af) is calculated to be

2
J(¢+ag) = Sl/z €9 (%\) cos®wt 4V

+a Seo (%) (2x-d)y(y-w)z(z+2)cos®wt dV

+ GZS [(2x-d)2y2(y-w)2zzkz+2)2
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+ x%(x-d)%(2y-w)?z%(z+L) 2

+ x2(x-d) %y (y-w) {2z+2) ?|cos®pt AV (8.6.4)

in which the first variation becomes
3 2 3 2
A . d yowyw z” %z" 0 )
aen (2 -dx]d [T [T+ 571 cosut
0 ( ) [x%-dx

83

(8.6.5)

=0
This is in agreement with the general theory since the first term of
our trial function is the exact solution. After performing the

integration, Eq. 8.6.4 takes the form

= Le 2\ 2
3($4a8) zfo(d> whdcos 2wt

2700

which results in the approximate capacitance expression

355,,535 5573
d 274d 2 +d 2
+3% oegn? ( u = = >w2dcoszwt (8.6.6)

C|D.C. = K?ES§?5E J($408)
- sow—jﬁo(am)zel wkd (8.6.7)

The quantity By in Eq. 8.6.7 represents the bracketed factor in the
second term of Eq. 8.6.6.

Notice that Eq. 8.6.7 is an equation of a parabola in the variable
a. At a=0, it assumes the exact D.C. capacitance value, the first term
of the equation, as predicted by the theory. When ¢#0, Eq. 8.6.7 is
always larger than its exact stationary value, exhibiting the "maximum"
principle. The error term in Eq. 8.6.7 is seen to be directly pro-

portional to the square of the ratio a/A. This certainly agrees with
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what one would expect: the larger the ratio «/A, the farther away
the trial function is from the exact solution.
Next, we will evaluate Eq. 8.5.12. To do this, let us first

calculate the functional G(S#av). We choose our trial function to
be

U+ av = Z% A/d coswt + iyzay coswt (8.6.8)
where the first term is the exact stationmary function. This particular
choice of trial functiom satisfies the required condition, Eq. 8.5.7.

After some calculation, both terms in the functional become
S- Leg (whav) » (T V) dV = % e (4/d)? wid cos’ut
- agg A(w?/2)Rcos®wt - a® B eg d (w3/3)Rcos’®ut (8.6.9?
and

S VEZEEB g 9B = (A%/d) eqwicos®ut + aA eq (w?/2)%cos®ut
3

(8.6.10)

The only contribution to the surface integral, Eq. 8.6.10, comes from
the upper plate. Notice that the terms containing «, in both equatioms,
are negatives of each other resulting in cancellation when we add.
Again, this vanishing of the first variation is what we expect because
our trial function is built by slightly perturbing the exact solution.

The desired functional then becomes
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G(THaV) = %eg (A%/d) wicos®wt - a® %eqgd (w?/3)gcos’ut

(8.6.11)
leading to the second approximate capacitance expression
" = em—— o
C'p.c. T ATcosZut Gurow)
=¢go (we/d) - (a/A)? god (w32/3) (8.6.12)

This equation is the same as Eq. 8.6.7 except for the negative multiplying
factor in the second term. Therefore, the comments given for Eq. 8.6.6
are applicable except that the stationary value of Eq. 8.6.12 is larger
than that of any other approximate D.C. capacitance value C'p ¢, . In
other words, Eq. 8.6.12 exhibits "maximum" principle as expected.

Figure 8.6.1 is a plot of two approximate capacitances C'p ¢,
and C'"p c.. The figure shows that the relationship

C¢"p.c. L C'p.c. (8.6.13)

is always true as predicted by the general theory. We can always take
the average of C'p ¢, and C"p ¢, as the best approximation.

This section illustrated how the zero-order -electric field can
be used to obtain an approximate D.C. capacitance of the parallel-plate
capacitor. The important step was to justify the validity of D.C.
capacitance expression, Eq. 8.4.1, when a D.C. voltage was replaced
by the zero-order reference voltage, Acoswt. Also, the two functiomals,
J(¢) and G(W), were recognized as the zero-order emergy of the system.
Since the complementary variational formulation is valid in general,

the above techniques must also apply to any arbitrary capacitance

configuration.



89

Capacitance

D.C.

e e cem Gy = e -

Figure 8.6.1. Variational approximation of the D.C. capacitance
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We must remember that the parallel-plate capacitor is a very special
case. Normally, in a practical problem, a person will not be able to
construct the trial function in the form of Eq. 8.6.3 or Eq. 8.6.8
because the exact solution is not known in advance. Usually, in practice,
one builds a trial function laden with many parameters. These parameters

are then adjusted until each functional assumes its minimum or maximum

value.

8.7. Complementary Variational Formulation of E&

Referring back to Fig. 8.2.1, our problem in this section is to
formulate the second-order electric field between two parallel plates

as complementary variational integrals. The governing equations are

du H
TuEy = - —> 1 (8.7.1)
5t
V'EoEz =0 (8.7.2)
By defining
egEp = Vx¢ , (8.7.3)
we obtain the differential equatiom
- _ U H
Txl Vg = - 0k in V (8.7.4)
€9 at
TXF =Uxgp on 3V (8.7.5)

for vector potential field ;; The boundary condition, Eq. 8.7.5, is

listed for convenience. The corresponding canonical equations are
Vx6 = u _ (8.7.6)
H
Tro = g 01
O at

(8.7.7)
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‘nxd = mxop (8.7.8)

leading to the complementary variational formulation

O H
J($) =51/z L Tx¢-Vxp + 01 dv (8.7.9)
€9 at
6(a) = |-4m.gl av +§ G.Txgp 1 dB (8.7.10)
€0 aV 0

8.8. Evaluation of J($) and G(u)

For the purpose of illustrating the basic structure of the
functionals, J(¢) and G(T), let us evaluate them at the trial functionms
which are slightly different from the exact solutions. Our specific

choice of these trial functions are

PtaZ = ‘ly% gzicoswt + {yax(x-d)y(y-w)z(z+2)cosmt (8.8.1)
and

otV = T Bz%cosut + ;§ay (8.8.2)
where

g = ____“OEOZ‘”ZA (8.8.3)

The first terms in both equations, which are the exact ¢ and U, were
determined from the relationships ©=€gE, and Vx%$=T where E; is known.

Let us evaluate J(¢). The first term becomes

2
%le‘o—v’—‘;@& (Z_‘}’) + (%11)2 (8.8.4)

After some algebraic manipulations, each term in Eq. 8.8.4 becomes
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3¢ \2
1 _1) - L grbeostyt
280 3z 850

- géaaﬁx(x-d)y(y-w)(223+2zz)coswt

+ Zio 2x2(x-d) ?y®(y-w)?(22+%) 2cos®ut
- azfl + afy + £3 (8.8.5)

and

ad_\2
_l_.(__l - L o2(2x-d)*y?(y-2)22%(2+g) 2cos®yt
220

= a2f4 (8.8.6)

The last term of the integrand is calculated to be

|

dug™y
5t

P = 6%382z4cos2mt - E%-an(x-d)y(y-W)(z3+222)coszwt
= af5+fg ' (8.8.7)
Now, we can write down the total variations as
I(gteE) = Sf3+f6dW¢§f2+f5dv+ o8 j £1+£4dV (8.8.8)

in which the integrations should be performed over the entire volume

between the two parallel plates in Fig. 8.2.1. The first variation
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- A3 P | _. b
8 = — aB d ] [—l} [ —] cosZut
250 6 6 6
1 'd3 'W3 '_2,4 2
- = GB[ 3 ][—g—]llz ]cos wt
=0 (8.8.9)

as predicted by the general theory. Each term in the second variation

integrates to be

5 5. _.5
Sfldv - L [d—J[W—][L] (8.8.10)

(ay - L& ij[i}
JEaav 250[3][30 " (8.8.11)

while the exact stationary value becomes

7 15
(f3+f6dV = EZ —lﬁzwd '-T:I cos?ut (8.8.12)
J €0 LS

The pair of Eqs. 8.8.10 and 8.8.11 say that the second variation is a

positive constant. Therefore, we can write
—_—— - 05
J(¢p+ag) = —1-—L-Bzwd[:—] cost t+a’B, (8.8.13)
24 £ 5
in which By represents the sum of Eqs. 8.8.10 and 8.8.11. The result
of Eq. 8.8.13 is plotted as part of Fig. 8.8.1 and is commented on at

the end of this section.

Next, we calculate G(u). Somewhat tedious but straightforward

algebraic calculations show



_ - 5
g-% El(ﬁ+a5)'(u+05)dv =L —lszwd 221 cos2yut
0 8 €0 5
5
Ty L4 (8.8.14)
0 3
and
S (u+av)-nx¢3__d3 =2 16 wd[g—]cos wt (8.8.15)
av €0 12

The only contribution to the surface integral of the last equation

comes from the integration over the surface at z=-%. The total variation

becomes

=0Ty =7 Loz g2 o 2l 1w
G(utav) T Eaﬂ wd | 5]cos wt-q*3 T dg 3] (8.8.16)

whose first term agrees with that of J(E@agb. Equation 8.8.16 is also
plotted in Fig. 8.8.1.

Some comments are now in order. As predicted by the general theory,
Fig. 8.8.1 clear}y shows the complementary nature of both functionals
J(4+og) and G(u+av). At =0, the trial functions become exact and
both J($40E) and G(utqv) assume the same value. When a#0, J(;;a55
is always larger, while G(u+yv) is always smaller than the exact
functional value.

In most practical applications, however, the exact solutions are

not known and it is highly improbable that one can choose the same
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Functionals J,G

Figure 8.8.1.

Complementary variational functionals J apnd G
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form of trial functions as ours. In such situations, the two functionals

never assume the same value. One such possible contour is also drawn

in Fig. 8.8.1.

8.9. A.C. Capacitance Calculation

The A.C. capacitance is defined through the equation
dvg
ig = Cac. 3¢ (8.9.1)

dt

where ig and vg are the time-domain current and voltage, respectively.
This capacitance is frequency-dependent because of the existence of
magnetic field produced by the changing electric field.

In order to determine the nature of the frequency dependence through
a power series approach, one needs to keep calculating higher order
fields until the frequency variable w enters into the amplitude of
the field. Then, one should be able to calculate the frequency-dependent
terminal voltage and current. Subsequent calculation of impedance
should allow one to identify the equation for the capacitor.

Let us use our trial function to calculate the A.C. capacitance
for the parallel-plate capacitor. The results should suggest how our
variational techniques can be applied to similar problems. First,
we shall calculate the second-order electric field. We are free to
use either $¥a€ior ﬁ+a;, but we will arbitrarily choose E@xﬁ; The

approximate Eo becomes
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= i, (7%—3zzcosmt-ax(x-d)y(y-w)(Zz+2)cosnt>
i, a—s—l(-) (2x-d)y(y-w)z(z+ Q) coswt (8.9.2)
The total electric field E is
E=Eg+E + By (8.9.3)
vhere Ep and E7 are given as Egs. 8.3.1 and 8.3.3, respectively. We
need to evaluate this total electric field at z=-¢ in order to
calculate the source voltage. Only the x-component of E contributes

to the source voltage. This x-component is

T . (Eo+Eq+E: = (- A4 Lo
Tx - (EgHE1+Ey)| 2= g [« T+ % B2%)
+ “-Elo x(x-d)y(y-w) glcos ut (8.9.4)
which gives the source voltage
d
vg = -S E ~a,dx
0.
= [A(1-%pgequ®2®)  + a.gl_ d’y(y-w) 2lcosat (8.9.5)
€0

where the second term is seen to be a function of coordinate y. This

is not consistent with our nonfringing assumption where E and H cannot

vary with y [33]. This implies that the source voltage must alsoc be

a function of y. However, we are using a perturbed E field, and,

therefore, cannot expect to obtain the correct result. Only when a goes

to zero does Eq. 8.9.5 yield the correct result given by Magid [33].
Next, we need to calculate the terminal current ig. To this end,

we need the magnetic field
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ﬁb+ﬁ1+ﬁ2

H

. EAWA
-iy ——E—zsinwt. (8.9.6)

where ﬁb and Hy are zero. The terminal current then becomes

w

S "_i‘xxﬁ ’; zdy
€ 0 wi
-( 3 ) w Asinwt (8.9.7)

1g

il

By transforming Eqs. 8.9.5 and 8.9.7 to phasors, the impedance

is calculated to be

Vs
'I—' = 1 + 1
N %.c. i %.c.
J (1-2u0502!w!) adsx(z-w)z (8.9.8)
6g

allowing us to identify the A.C. capacitance as

CD.C.
4w\
24e /

(1- o - g Rt

(8.9.9)
We evaluated the a-term (error term) in the denominator at y=w/2.
This corresponds to the largest error term.

The above calculations suggest how one might proceed in a practical
problem. When the exciting source is electric in nature, such as the
voltage source in the parallel-plate capacitor, the zero-order magnetic
field is alwéys zero [33]. The vanishing zero-order magnetic field

results in a vanishing first-order electric field which, in turn, forces
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the second-order magnetic field to be zero. This process continues,
resulting in alternating zero and nonzero kth-order terms.

Therefore, one can always choose the trial functions of the form

E ;0""0)2;2‘['&)“24-{-"0 (8.9.10)

by 3h 0 Shste - s (8.9.11)

|
]

in which coefficients of wk may contain many parameters to be adjusted.
Several numerical techniques, mentioned in Chapter 1, can be employed
to optimize these parameters. After determining approximate E and
H fields, one can then use them to calculate the source voltage and
current. Since wK are constants, they must be somehow imbedded in
voltage and current expressions. As a result, when the impedance is
calculated, the factor wK must show up in the capacitance portion
of the impedance. Therefore, one is able to determine the functional
form of the frequency dependence of A.C. capacitance.

The fact that the error term does not contain the frequency factor
w?, in our result for the approximate A.C. capacitance, originates
from the trial function E%agl Equation 8.8.1 shows that the error
term ag-in our trial functionm is in the form of a zero-order field.
There is certainly nothing wrong with this choice. But, we paid a
price for it, in the sense that the error term im A.C. capacitance
expression did not contain a frequency factor. If we had chosen a

trial function of the form Ekawzg; where the frequency factor has

explicitly been entered, we would have obtained a slightly different

result,
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= D.C.

Ca.c. =
d3w3l
1_ 2f1 2
w (@uoeoz + a,2460 )

(8.9.12)

8.10. Practical Applications

There are many problems in electrical engineering where the
configuration of fields is similar to static fields [33]. Even in
the microwave frequency range, some problems can be regarded as
almost-static [3,33]. In addition, present microwave integrated
circuit technology has extended the almost-static problems well into
the microwave frequency range. The microscopic size of some high-frequency
circuits makes even the conventional circuit theory valid at tens of
giga-Hertz and even more. The technology of miniaturizing circuit
components will certainly continue to advance, as evidenced by the
booming microelectronics area. It is therefore foreseeable that in
many microwave engineering problems, the almost-static analysis will
yield sufficient accuracy for engineering purposes.

Although the power series approach to electromagnetics is valid
in general, it is most suitable for analysis of almost-static
problems [33]. The advantages are obvious. First, the useful results
can be obtained by keeping only the first few terms in the series.
Second, because of the alternating zero and nonzero fields (the typical
feature of the power series approach), one needs to perform the actual

calculation only for the nonzero fields [33]. Vanishing kth-order
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terms are known in advance. Furthermore, as pointed out in Chapter 6,
the zero-order problem is a static problem. Magid also points out
that each kth-order field becomes static-like and could be solved with
no more effort than that needed in a static problem.

We found in Chapter 7 that each kth-order field equation can be
formulated as a complementary variation problem. Therefore, we come
to the conclusion that many useful problems in engineering electromag-
netics can now be posed as two variational integrals yielding upper
and lower bounds to the stationary value. This new variational
formulation can be more advantageous in certain problems than the
conventional variational formulation yielding just a one-sided bound.
Existing numerical techniques, such as finite element methods, can
be employed to reduce the two integrals into discrete algebraic problems.
The advantage of such numerical procedures based on our new variational

functionals are yet to be studied.
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9. CONCLUSIONS

Maxwell's equations in power series form have been formulated as
complementary variational integrals. It has been found that each kth-
order static-like fields can be formulated as two variational integrals.
One of these integrals yields an upper bound to the stationary value
while the other integral closes in from below. The general theory
guarantees that the exact stationary value is always between the two
integral values.

An illustrative example of a parallel-plate capacitor is discussed.
It is shown that the zero-order trial field could be used to estimate
the D.C. capacitance. Recognizing that the two variational functionals
are "zero-order electric eneries," the D.C. capacitance was formulated
as a quantity proportional to the functional value. Also, some general
procedures were suggested whereby one can use the higher-order fields
to estimate the frequency dependence of the capacitance.

The applicability of the dual extremum principles appears to include
many problems of interest in electrical engineering. The continuing
trend of miniaturizing circuit components allows circuit theory to
be applied at tens of giga-Hertz and even more because of the small
dimensions of the circuit compared to the wavelength. This seems to
imply that in many microwave problems, useful information can be obtained
by regarding the problems as almost static. These problems can then be
recast as two variational integrals yielding both upper and lower bounds.

Finally, it seems possible that numerical techniques, such as finite
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element methods, can be developed based on the two complementary
functionals; this could lead to significant advantages over the existing

methods of analyzing microwave problems.
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